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IMPEINCJIOBHUE

B kHMre 10CTaTOYHO MOJIHO MPECTaBIEHbl OCHOBHBIE (POPMYJIbI CIEIYIOIUX Pa3eoB MaTeMa-
TUKU: anreOpbl, TEOMETPHUHU (BKIIOYAs aHATUTUYECKYIO M JU(PepeHIINaTbHYI0 TEOMETPHUIO U BEKTOP-
HOE€ MCUYMCIICHNE), MAaTEMAaTUYECKOT0 aHaIN3a, TEOPUN (PYHKLINH KOMIUIEKCHOTO NEPEMEHHOTI0, a TaK-
e OCHOBHBIE (DOPMYJIBI Ui HEKOTOPBIX TPAHCIEHACHTHBIX (YHKUUH (TPUTOHOMETPUYECKHX, TH-
nepOOTNICCKUX, HHTETPATBHBIX U T. II.).

[Tpu noxabope marepuana, BKIOUYEHHOTO B CIIPABOYHHK, aBTOPBI CTAPATUCh OTPAHUYHUTHCS TPH-
BEJICHUEM KJIACCHYECKHX, YacTO HCIOJIb3yeMBbIX (OPMYJ YKa3aHHBIX BBILIE pa3feiiOB MAaTEMATUKU.
HmeHHO ¢ TakuMH (pOpMyJIaMu UMEIOT JIeJ10 yUalluecs: CPEeJHUX KO, TeXHUKYMOB, [ITY, cTyneHTs!
BTY30B U HayYHO-TEXHUYECKHE paOOTHUKHU. JIJi 3TOro Kpyra uuraresnei U npeaHasHaueHa HacTosIas
KHHUTA.

Jns ynoOcTBa unTaTeneil B Havaje pas/ieloB CIPaBOYHUKA, MOCBSIIEHHBIX BBICIIEH MaTeMaTu-
Ke, MepeJl U3JI0)KEHUEM OCHOBHOI'O MarepHaja JaroTcs (GOpMYJIUPOBKM OCHOBHBIX NMOHSTHUH, BCTpe-
YaloIIMXCs B JAHHOM paszene. B psne pasnenoB crpaBoyHUKA (B YaCTHOCTHU, MOCBSILEHHBIX (opMy-
JaM MHTETPajibHOrO MCUUCIIEHUS U popMysIaM TeOpuH (YHKIUN KOMIUIEKCHOTO NEPEMEHHOT0) Xapak-
TEp HaJaraeMoro Matepuana HoTpedoBaji, Hapsxy ¢ QopMmyliaMu, JaThb TakXKe W YCJIOBHS HX
IPUMEHUMOCTH, @ B HEKOTOPBIX CIydYasx, A NpaBWIBHOTO MOHUMaHUsA (GopMyll, U HOPpMYIUPOBKU
TEOpEM, PE3yJIbTaTOM KOTOPBIX SIBJISIETCA Ta IUIM MHas Gopmyina. B psae ciyyaeB aBTOpbI COUIN BO3-
MOYKHBIM J1aTh HanOoJjee MpocTbie (GOPMYIUPOBKHU TEOPEM, U3 KOTOPBIX CIEAYIOT MPUBOAUMBIE (op-
MyJibl. bonee cnalble yciioBus, a TakkKe yCJIOBUS CHELMAIBHOTO BHUJIA, P KOTOPHIX MOTYT OBITh J10-
Ka3aHbl 3TU TEOPEMBI U MIPU KOTOPBIX BEPHBI COOTBETCTBYIOIINE (POPMYIIbI, YUTATETh MOKET HANTH B
CIICLIMAIbHOM JTUTEPATYpE.

OCHOBHOE Ha3HAYEHUE CIPABOYHNKA — TOJTY4YEeHHE KPaTKOM CIpaBKU Mo GopMysiaM yKa3aHHBIX
pa3zaenoB mMareMaTHkH. s Gojee moapoOHOTO M AETAThHOTO O3HAKOMIJICHHSI C MHTEPECYIOIINMHU YH-
TaTesl MaTeMaTHYecKUMU (pakTaMu U (GopMyJIaMH OH MOKET 0OpaTUThCS K JIMTepaType, CIHCOK KO-
TOPOM JaH B KOHIIE CIIPAaBOYHUKA. B CIIMCOK HUTHPYEMON JIUTEpaTyphl, HU B KAKOW Mepe HE MPETEH-
OYIOUMH XOTs Obl Ha OTHOCUTEIbHYIO IOJIHOTY, BKJIIOYEHBI JIMIb HauOoyiee M3BECTHBIC W3JaHMUA,
BBIILIE/IINE B TOCIEIHUE TOJIBI.

O06o03HaueHus1, MPUHATHIE B CIIPAaBOYHHMKE, COOTBETCTBYIOT 0003HAUEHUSM, NPUHATHIM B 0OJIb-
IIMHCTBE YYEOHUKOB M KHUT 10 MartemaTtuke. Cienys oOmenpuHATEIM 0003HAYCHHUSIM B Pa3TMUHBIX
paszesiax MaTeMaTHKH, B TE€X CIIy4asx, KOTJa 3TO HE BBI3bIBAECT HEAOpPA3yMEHMs, aBTOPBI COUWIN BO3-
MOYKHBIM MCTIOJIB30BATh OJTHU M T€ JK€ CUMBOJIBI 111 0003HAUCHHSI MAaTEMaTHYECKUX OOBEKTOB M3 pa3-
HBIX Pa3/leJI0B MATEMAaTUKH.

ABTOpBI OyyT BeCbMa MpPU3HATEIbHBI BCEM YMTATEISIM, KOTOPbIE BBICKAXXYT CBOI 3aMeyaHUS,
Kacaroluecs: Kak mojadopa marepuaia, BKIOUYEHHOIO B CHPAaBOYHHUK, TaK M CTPYKTYpPBI U3JIOKEHHUS,
YTO MOMOXET UM B JalibHEHIIeH paboTe 10 COBEPIIEHCTBOBAHUIO CIPABOYHMKA U PACILIUPEHHIO BO3-
MO’KHOTO Kpyra uynuTaTelei.



I. IENCTBUTEJBHBIE UHUCJIA. AJITEBPA

1. lelicTBUTE/IbHBbIE YU CIA

1.1. KaHoHn4ecKkoe pa3JioKeHHe HATYPAJIBLHOI0 YMCJIA:
ki ko ks
n=p - -po~ ... Py

rae pi, ..., Ps— pa3indyHble MEXAy co0oil mpocTele, Ky, ..., ky— HaTypanbHbIE YHCTIA.

1.2. HexoTopble NPU3HAKH JAeJIMMOCTH HATYPAJbHBIX YHCeJI.
Yucio genurtcs Ha 2, €Cly ero MocieAHss udpa eCTb YUCIO0 YETHOE WU HYJb.
Yucno nenutcs Ha 4, eciiu B €ro nocienHue nudpsl — HyJIU WIK 00pa3yIoT Yucio, Aesiiee-

cs Ha 4.
Yucnio nenutcs Ha 8, eCau TpH MOCIIEIHNUE er0 MU(PBl — HYJIW WK 00pa3yroT YUCIIO, JIesIee-

cslHa 8.
Yucno aenurtes Ha 3, eciii cyMMa nudp yucia AeauTes Ha 3.
Uwucno nenures Ha 9, ecnu cymma ero nudp aenurcs Ha 9.
Yucnio nenures Ha S, €Clii OHO OKaHYMBAeTCs JIMOO Ha HYJIb, 100 Ha 5.
Uucno nmenutcst Ha 25, eclaM €ro mocienHue ABe HMUPPH — HYIUW JuO0 00pa3yrT YuCIo,

nejseecs Ha 25.
UYucno genutcs Ha 11, ecnu y Hero cymma 1iudp, 3aHUMAIOIIUX YETHBIE MECTa, INOO paBHA CyM-
Me nudp, 3aHUMAIONNX HEYETHBIE MECTa, JIMOO OTIMYAETCSl OT HEE Ha YuCIIo, Aesimeecs Ha 11.
®dopmyna CBSI3U HAMOOBIIEro OOIIEro AeNuTeNs (1, 1) IByX HATYpPaIbHBIX YUCEN M W N U UX

HaMMEHBIIEro O0IIEro KpaTHoro {1, n}:

m-n = (m,n)-{m, n}.

1.3. AGco1r0THAsI BeJIMYUHA (MOYJIb) 1eHiCTBUTEIBLHOI0 YHCJIA:
| | a, ecm a =0,
a =
—-a, ecm a<?0.

Ecnim a wu b — 1Ba AelCTBUTENBLHBIX YHCIIA, TO
a|_|a
la-bl<[al-[b]; 5=‘7; [lal=Tbll<la—10];

la+b|<|a|+|b]| (nepasencmeo mpeyeonvruxa).

1.4. Ipoom.
[IpaBuna neicTBUil C pallMOHATBHBIMU YUCIIAMU (IPOOsSIMN):
m.,p_mg+np m_p_mg-np m p_m-p m.p_m-q
nog ng  n g ng  n.qg nqg n g np
®dopmyna oOpaiieHus KOHEYHOH NeCATUIHON APOOU B PAIHOHAIBHYIO TPOOb:

0,n1n9...1p = ”1”120—]3”1@, niy, Ny, ..., N — MAQPHL

®dopmyna oOparieHus: 0ECKOHEYHOM MEPHUOANIECKON TpoOU B palliOHAIBHYO APOOh:
My ... MpNE (g9 "‘nk+p — My ... Ny,

105107 = 1)

0,11119..10p (Rkt1 Mt 2o Nltp) =

9

TO€ (Mkt] Mkt2.. Np+p) — NEPUOO OpOOU.



1.6. CTEIIEHU 1 JIOT' APUDPMBI.
1.5. Ilponopuumn.

a c
W3 nmponopunu  — =

atb ctd
P CJICAYIOT paBeHCTBa: a - d = b - ¢; ;

a-b c¢—-d

d 9
~ ma+nb _mc+nd
a+b c+d’

= (npouszsoonvie nponopyuu),
pa+qgb  pc+qd

2 2
roe m, n, p, ¢ — NPOu3BOJbHbBIC yncnau p- + g~ # 0.

1.6. Ctenenu u jorapu¢pmaol.

Crenenu ¢ HeﬁCTBHTeHLHBIM IIOKa3aTcJICM:

X
a _
=1 (a=0) - af = oY, —leax Y. (a*)¥ = a"Y;
a‘
X X
a a
(@-b) =a* -0 |=| ==—.
b b*
Jorapudwmset (a, M;, My >0, a=l): log 4a=1;

M
log 4 (MiMsg) = log , My + log , My; loga(—1

=1 M, -1 M, ;
MQJ 08, M 08, Vg

loga@c):cblogab; logac::lggig; log,c = ! :
0g, a log, a



2. Aareopa.
2.1. ®opmyabl COKPALIEHHOT0 YMHOKEHHS.
OO6mmme GopMyIIbI:
n—l
X = (=) (T A e+ X T = (- C)Z xRk
k=0
rae n — aoboe;
n—l
K== () (T =R T - P = = (o4 c)Z(—l)k KRR
k=0
TJie 71 — YETHOE;
e = (o) (T = x4 3P

Tae n — HEUYCTHOC.

n—1
" ) = ()Y ()RR
k=0
[Ipocreitmme Gpopmybr:

(x+c)(x—c)=x2—02;

2 2 3., 3
(x+tco)(x"—xct+c)=x"+ ¢

(x—c)(x2+xc+02)=x3—c3.

2.2. ®opmyasl Buera.

®opmynbl Buera s mpuBEICHHOTO MHOTOWICHa M-HOW creneHu P(Xx)
n—2

= X"+ a +
+ asx + ... T ap-1x + @y CKOPHAMHU Cy, Cy, ..., Cyt
crt+tco+ces+ ... +cp—1 +cp=—ay,
cico + cic3 + ... + Cch—10q = Qo,

c1c9C3 + c1cocy + ... + Chp—9Cu—1Cn = —as,

c109C3...cn—1¢n = (—1)" ay, .

dopmybl Buera s mpuBeIeHHOTO KBapaTHOTO TpexwieHa P(x) = X+ px + q:

cL+co= —p, cic2 = ¢.

®opmynsl Buera i npuBeeHHOro KyOu4HOro MHOrowieHa P(x) = O+ pr +gx +r:
cip tcag+c3= —p, cCico+tcoc3+cic3=¢q, Cice3 = —1r.
2.3. KopHu KBaApaTHOI0 ypaBHEeHUs.

. 2 .
dopmyna BBEIUUCICHUST KOPHEW KBaapaTHOrO ypaBHeHHs ax”~ + bx + ¢ = 0 c neiicTBurens-
HBIMU K03 punmenramu:

X2 =

—b+b? — 4ac
2a '



2.4. KOPHU KYBUYHOI'O YPABHEHUS C JIEUCTBUTEJIBHBIMU KODOOUITUEHTAMU. 7

2 o
Ecmu D = b” —4ac > 0, 1o ypaBHenue uMeer J1Ba pa3IuyHbIX JIeHCTBUTEIBHBIX KOPHS; €C-

mu D = 0, To ypaBHEHHE UMEET OAMH JCHCTBUTENBHBIA KOPEHb KpaTHOCTH 2; eciin D < 0, TO ypaB-
HCHUC UMCCT JIBA KOMIIJICKCHO COIPSKCHHBIX KOPHA:

b ~Ndac-b* b Adac-b*

X =t Xg=———I
2a 2a 2a 2a

. 2
dopmyIa BEIYHCICHUS KOPHEH MPUBEACHHOTO KBapaTHOTo ypaBHeHus x~ + px + g = O:

2
XI,QZ—gi (g) —-dq.

@®opmyia BBIYMCIEHUS KOPHEH KBAJPaTHOTO YPABHEHHS C YETHBIM BTOPBIM KOA(PPHUIIMEHTOM

ax’ + 2kx + ¢ = 0:
—k+E® —ac

a

Xlo =

2.4. Kopan KyOM4HOT0 YpaBHEHHs € J1eiCTBUTEIbHBIMU KO3 PuueHTaMmu.

KopHH HEMmoMHOro KyOMYHOTO ypaBHCHUS y3 + py + g = 0 BBUHCIAIOTCA MO gopmyram
Kapoano:

S AL B, gy = - A+B lA—B\/g’

W . o-(2(

IMpU4ICeM B KA4YCCTBC KOpHCI/I BLI6I/Ip8.IOTC$I JI00BIE 3HAYEHUS KY6I/I‘IHLIX KOpHCI/I, YAOBJICTBOPAIOIINEC

pasenctBy AB = — p/3.
KopHu HemojHOro KyOWYHOTO ypaBHEHHsS C JICHCTBUTENBHBIMH KO3 PUIMECHTAMH

yS + py + g = 0 MoryT ObITh BEIYMCIICHBI TAKXKE MO CIEAYIOMUM (opMysiaM (TPUrOHOMETPHUYECKOE
pemenne). Ectm @ < 0, 10 p <0, u

14 (0 p a T
=2 /—— —, = —2,/——
h BCOSB Y23 SCOS(S 3}

/1€ 3HaY€HUS! TPUTOHOMETPUYECKUX (DYHKINN BBIUUCISIOTCS MO 3HAYECHUIO COSOL = —

9

3
2y=(p/3)
Ecmm Q >0 mu p>0, 10 y=-2p/3ctg2a, yo3=1+p/3 (ctg?a +iv3 cosecro), e

3HAYCHHUA TPUT'OHOMETPUICCKUX (I)YHKHHP’I BBIYHUCIIAOTCA 110 3HAYCHUIO

g =3t tgﬁ=%\/(p/3 al< T, B <

Ectu Q > Oup < 0,10 y;=-2—p/3cosec2a, y2’3:1/—p/3(cosec2aii BCtha),

TAC 3HAYCHUA TPUTOHOMETPUUCCKHUX (I)YHKI_[I/Iﬁ BBIYUCIAOTCA 110 3HAYCHHUTIO

/ B 2/ pY’ T n
tga = tgg, smB:; (—gj |0L|<Z, |B|<§

Bo Bcex Tpex cimyuasix Gepercs JeHCTBUTEIHLHOE 3HAUCHUE KyOMYHOTO KOPHSI.



8 [.2. AJIT'EBPA.

Kopnau nonHoro KyOouyHOTO YpaBHEHUsT QX 3 +bx 2 +cx +d =0 Beruucnsiores nmo bopmy-

aaM X; = Y; — % (i=1,2,3), rne Y; — KOpHHU HEMOJHOrO KyOUYHOTO YpaBHEHHUS.

2.5. Kopuu ypaBHeHus 4-ii cTeneHnu.

o 4 2 o

YpaBHEHHE YETBEPTOH CTENCHU aX -+ bx® + cx® 4+ dx + e = 0 ¢ neilcTBUTENBHBIMU K03(-

¢bunreHTamMu 3aMeHol [ = X + 4— CBOJIUTCA K HEIOJTHOMY YPaBHCHHIO y4 + pr +qy +r =0,
a

KOPHHU KOTOPOTO BBIYUCIISIFOTCS TIO (hopMyJIam:

0 =5+ B =5 (= ). 0
s =5 (B =) o =5 - ).

rae  2i, 29, 23 — KOPHHU KyOMYHOTO YpaBHEHUS (KYOUUHOU pe30/ib8eHMbl)
3 2 2 2
22+ 2p2" +(p° —4r)z—¢q =0,
W 3HaKW mnepen KopHsmu B Qopmynax (1) BbIOMparoTCs TakK, 4YTOOBI BBIMOJNHSIOCH YCIOBUE

Vazz = —q.

2.6. HepaBencrna.
[Ipocreiine HepaBeHCTBA:

la+b|<|al+]b ot + b2 > 2] ab

b

; la=obl>[lal-]0

b9, @ A0
b «a

Hexotopsie o0mire HepaBeHCTBA:

>Jab, (a>=0,b6>0)

n n

i=l i=1

1 n
;Zai >y ...a,, ai >0 (nepasencmso Kowu);
i=1

n 2 n n
Z a;b; | < Z ai2 . bl-Q (nepasencmeo Kowwu — Bynsaxoeckozo),
i=l i=l i=l
1 n
s
i=l
" " Vp s, l/q L
a;b;| < Z al Z b? (nepasencmeo I'énvoepa), toe —+— = 1.
i1 i=1 =1 P4

2.7. KomOunaropuka u 6uanom Herorona.

Yucno IEPECTAHOBOK U3 /1 JICMCHTOB! Pn =nl.

n!

o m

Yucno pasMEIICHUHN U3 /1 3JIEMEHTOB 110 771 3JICMCHTOB! Aﬂ = ﬁ .
n—m)!



2.7. KOMBMHATOPHUKA N BMHOM HBIOTOHA. 9

n!

-~ m
Yucnno coueTaHuit U3 71 BIEMEHTOB 110 m d1ementoB: (C, = ———
m!(n—m)!
@opMyIIbI UIs1 YACIIA COYETAHUMN:

m n-m., m+l _ ~m m+l . 0 1 2 n-1 n _ on
c, =C,";, C, 5 =C"+C,;/"; C,+C,+C,;+...+C,;7 +C, =2".

UYwcno nepecTaHOBOK C MOBTOPEHUsIMU (KopTexkamu) coctaBa (cneruduranuu) (ki, ky, ..., kn):
n!
Cn(kl’kQ""’km):W (fl=k1 +k1 ++km) (1)
. m _ pn-l _rm
Ywrcio coueTaHui U3 11 3IEMEHTOB I10 771 C TIOBTOPCHUSIMH: fn =C 1 =Ch ..

P o . fm _ fm 4 fm_l
eKyppeHTHas GopMmya JUIsl YuCia COYETaHUM ¢ IOBTOPEHUAMHU: [, = [,_; P
dopmyna buroma Hotomona:

(@ +a+..+a) = D Cylkky.. k)af'ay’...af"
ki+ko+...+k,=n

b

rJie CYMMHUpPOBAHKE MPOBOIUTCS O BCEM HAOOpaM HEOTPHUIATEIbHBIX IEIbIX uucen (Ry, ko, ..., k,),

I KOTOpBIX k1 + ko + ... + Rk, = n. Koadpdunuentor C,(k1, ko, ..., k), BBIUHCISIEMBIC IO (HOPMY-
ae (1), Ha3BIBAIOTCS NONUHOMUATLHLIMU KOIGDPuyuenmamu. DopMyna s YuciIa TMOJTMHOMHUATBHBIX
K03 PUITUEHTOB:

C,(kysheo k) = 1.

Ri+ko+...+k,=n
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II. TEOMETPUA

1. DjiemeHTapHAasi reOMeTPHUA

1.1. TpeyronbHuKH.
[Imomane TpeyroibHUKa:

S=gah, = by = schis S =Jpp-@@-01p-0 (popuyaa Iepona);

D)
| abce
S=—absiny; S=—"-; S=npr;
9 Y AR “
S=r(p=a)=r(p=b)=r(p=0s S=Jrnrr: S=p*tggigitel:
a B Y
S = —a)te= = _bh)tegl = —0)tg L,
p(p a)gQ p(p )g2 p(p C)g2

rae a, b, ¢ — cTOpoHBI TpeyroibHuKa, f,, hp, h, — BBICOTHI, ONMYIEHHBIC HA CTOPOHHI a, b,
¢, p= 5 (a+0b+ C) — MONynepuMerp, R — paanyc OKPYKHOCTH, OMIMCAHHON OKOJIO TPEYroJib-

HHUKa, 7 — paJuyC OKPY>KHOCTH, BIIUCAHHOW B TPEYTONbHUK, «, [3, Y — YIJIbI, MPOTHUBOJICKAIIUC
CTOpOHaM @, b, ¢ COOTBETCTBEHHO, I4, I'p, I'r — PaIUyChl BHEBITUCAHHBIX OKPYKHOCTEH, Kacaro-

IIMXCS CTOPOH 4, b, c.
TeopemMa KOCHHYCOB:
2

a2=b2+02—2bccosoc; b2=a2+62—2accosﬁ; c =a2+b2—2abcosy;

a b c

TeopemMa CHHYCOB: ‘ =——=——=2R.
sina. sinf  siny
o+p Y
avb 84 clgg
TeopeMa TaHTCEHCOB: B = )
a->b tga_B tga_B
2 2
o+ Y p B+y o
a+c_tg 9 Ctg§' b+c_tg 9 Ctg§
a-c ,_ o0-y _a-y’ b—c . B-v . B-v
tg——— t t t
g 9 g 9 g 9 g 9
Qopmyns MonansBeHuge:
a+b cosOL;B cosOLQ_B a—b SmL—B sinOLQ_B
¢ sin ~ cosOHrB ¢ cos ! sinociﬁ_[3
2 2 2 2

JuHuum B TpeyronbHUKE.

|
Menuana m, K cTopoHe a: 1M, = —\/ 2% + 902 — a2 .

2
h A pp-a)p-bp-c)

a
a

Beicora /,, omylieHHas Ha CTOPOHY a:



1.2. YETBIPEXYT OJILHUKMU. 11
Y B

2abcost  2accos—
l, = 2 - 2.
a4 a+b a+c

buccexrpuca [, k cropoHe a:

PaBHOCTOpPOHHUHNH TpeyromnsHHUEK (COCTOPOHOH a).

2
[Momane: S = a f

a3

Pajuyc onmucaHHoO# okpyxkHOCcTH: R = ——.

3
) a3
Panuyc BnucaHHOM OKpY)KHOCTH: [ = T
[IpsMOyronprpHBH TpEeyTroabHUK (CKareTaMd a U b U TUIIOTEHY30H c).
1
[Mnomams: S = —ab.
2
. c
Pamuyc onucanHoi okpyxkHocTH: R = 5 =m,.

Teopema ITudaropa: @+ bt =~

CBoiicTBa MPSMOYTOJIBHOTO TPEYTOJIbHUKA!
a.:a=a:c¢c, b.:b=b:c, b,:h.=h.:a,

rae a, u b, — MpOEKIMK KaTeTOB @ W b Ha TUIIOTEHY3Y C.

1.2. YeTbIpexyrojibHUKH.

[IpsMoyronbHHUuK M KBajgpart.

[Tnomane npsiMoyroyibHUKa (co cTopoHamMu a u b): S = a-b.
[Tnomans kBagpara (co ctoponoit a): S = a’.

. 1
PoMG. Mnomanms: S = a° siny = ah = Edldg, rae @ — CTOpPOHa, Y —  yroi,

h —BwicoTa, d| 1 do — IMAroHaJN.

CBSI3b MEKJTy CTOPOHOM 1 IHATOHATAMHU: d12 + dQQ = 4a2.

1

Pajnyc BIIMCAHHOW OKPYKHOCTU: I = 3 h = B asiny.

) 1 i
[Mapannenorpamm. Iliomans: S:absmoczaha=bhb=§d1d28m[3,

rme a u b — cropousl, ¢ — yron, Hh, W hp — BBICOTBI, OMyIIEHHBIE HA CTOPOHBI a U b,
f — yron Mexay auaroHausMua d; u do.
CBsA3b MEXKy CTOPOHOM M JIMarOHAJISAMH: d12 + d22 =2 (aQ + b2) :
a+b

h.

Tpamenus (cocHoBaHMAMU a, b wu BbicOTOM /). Ilmomams: S =
BRnOonykiabsid 4eTBPEXYTONbHHUK.

1 .
[Tnomans: S = §d1 dysiny, rme di u dy — puaroHamm, y — Yrol MEKIy AHAroHa-

JIIMH.
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CBsI3b MEXKIy CTOPOHAMM U JUATOHAJISAMU: a2+t +d? = d12 + d% + 4m? , TIe a,

b, ¢, d — CTOpOHBI, m — OTPE30K, COCTUHSIONINI CepENHBI TUarOHaeH.
CBolcTBA YETHPEXYTOJIbHUKORB:
B YCTBIPECXYTOJIbHUK MOKHO BIIUCATH OKPYKHOCTH TOrJa U TOJIBKO TOrJa, KOrda CyYMMBbI IIPOTHU-

BOTIOJIOKHBIX CTOPOH paBHB: a + ¢ = b + d.
OKOJIO YeThIPEXyTOJbHUKA MOYKHO OMUCATh OKPYXKHOCTh TOTJIAa M TOJBKO TOT/IA, KOTJIa CyMMBbI
MIPOTHBOIOJIOXHBIX YIJIOB paBHBL: o + Yy = + 0 = 180°.

J1J1s1 BIUCAHHOTO YEThIPEXYTOJIbHUKA CIIpaBeIIuBBI hopMybl:  ac + bd = dids;

S=J(p-a)(p-0)(p-c)(p-d), p=(a+b+c+d)/2

1.3. MHoOroyroJbHuK.

CyMMa BHYTpEHHHUX YIJIOB n-yroipHuka: 180°(n —2).

1

Yucio auaroHanei BHITYKIOro n-yrodphuka: — (1 — 3).

180° ., 180°

CropoHa HpPaBHIBHOTO n-yroibHHKa: @, = 2R sin P 2rtg - rae R — paauyc

ONMCAaHHOM OKPY)KHOCTH, ¥ — PaJuyC BIMCAHHOW OKPY>KHOCTH.
[lnomane MpaBUIBHOTO 7-YTOJIBHUKA:

S, = lRQnsin@ = r%tgﬁ = la,% nctg 180 .
2 n n 4 n
1.4. Okpy:KHOCTb U KPYT.
2
2 nD
Jlnuna oxkpyxknocta: L = 2nR. Ilnomams kpyra: S = nR* = i

1.5. CermeHT 1 cexTop.
B ¢dopmynax ob6o3naueno: R — paamyc, /| — nauHA OyTH, @ — XOpJa, CTATHBAIOMIAs AYTY,
0L — LIEHTPAJIbHBIN yroi (B rpagycax) IyTH.

.o
Jnnua xopael: A = 2R Smg.

2nRa
= )
Jnuna nyru 360°
IImontane cexTopa: = nRQa
pe: 360°
[lnomanb cerMmeHTa: = éRQ {% —sin OL:| )

1.6. ITpusma.
ITnomans 60k0BOM MOBEPXHOCTH:  Syox = Prils

rae P — nepuMeTp nepneHauKyIspHOro cedenus, L — JuimHa 60KOBOro pedpa.
O6bem mpusmbl: V= SpL = SocuH,

rae Sy — IUIOmaab NEePIeHIUKYISPHOro ce4eHus, /1 — BBICOTA.

O0BeM npsMOYTOIBHOTO Napauienenunena (co croponamu a, b, ¢): V= abc.
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1.7. Ilmpammupa.

. . 1
[Inomans GOKOBOW MOBEPXHOCTH MPABWIBHOM MUpaMuibl: S = §Ph, rie P — nepumerp
OCHOBaHUs, I — anogema.

1

O6beM mupamugsl: |V = 3 —Soeql s THE So0y — MIOMANB OCHOBaHUS, H — BBICOTA.

[nomans 60KOBOM IMMOBEPXHOCTH MPAaBWILHOM yCEUEHHOM mupaMuipl: S = E(P + p)h, rme
P, p — nepuMeTpsl OCHOBaHU#, h — anodema.
y 1 y
O6beM yceueHHON mupamusl: V' = §H (S;+451 S +Sy), rme H — BbIcoTa yCCUCHHOI
nUpaMuIel, S| U S — IUIOIIAAN OCHOBaHUM.

1.8. IlpaBuibHBIE MHOTOTPAHHHMKH.

B ¢dopmynax o6o3Haueno: a — pebpo, V' — obbem, S — mtomiaas OOKOBOW MOBEPXHOCTH,
R — pamuyc onucanHo#t chepbl, r — paauyc BOUCaHHOU cdepbl, [/ — BbIicoTA.

Ky 6. Bcemects rpaneit — kBanpartsl. Ky® umeer BoceMb BEpIUIMH U IBEHAALATH pedep.
2 a«/_ a
V=a S = 6a"; R—— r=—; H = a.
2 2
Terpannap. Bce derblpe rpaHd — PaBHOCTOPOHHUE TPEYTrOJIbHUKHU. TeTpa’p umeer

YeThIpe BEpIIMHBI U IIECTh pedep.

N2 23 o _alb b

V= ; ; — r= ; =
12 4 12 3
OxTasap. Bce BocemMb rpaHeii — paBHOCTOPOHHHE TPEYroJdbHUKH. OKTa’ap uMeer
IIeCTh BEPIIIMH U JIBCHAIATE pedep.
HNomnekannap. Bce aBenaanath rpaHeil — MpaBUIIbHBIC MSTHYTOABHUKH. Jomekasap

MMeEeT JBAJIaTh BEPIINH U TPUIATH pedep.

Vo a(15+7\/_ 5 =3a2/3B1278): R = B 1+f) a\/10(2250+11«/5).

M kxocannap. BceaBanuars rpaHeii — paBHOCTOPOHHUE TPEyrojbHUKHU. MKkocarnp ume-
€T JB€HaIaTh BEPILIUH U TPUALATE pedep.

5a%(3 +/5) | S_ 5203 R-8 2(5++5) r:a\/§(3+x/5)
12 ’ ’ 4 12 '

opmyna Dinepa. Yucno pedep L, uncno Bepummn N u uumciao rpamein [

V =

b

MHOTOIPaHHHMKOB CBsi3aHbl paBeHcreom: N — [ + F =2,

1.9. lnauuap.

o 2
O6beM nunuHapa (¢ paguycom ocHoanust R u Beicoroit [1):  V =nR"H.
[Tnomaas 60KOBOM M MOTHON MOBEPXHOCTEN MUIUHApPA!

Soox=2TRH; Sy = 2nRH + 21R,
1.10. Konyc.

O6beM KoHyca (¢ paanycom ocHoBanus R u Beicotoit ): V.

=%71:R2H.

[Tnouraas GOKOBOI MOBEPXHOCTH KOHYCa:  Sgo = TRL, rne [ — obpasyiomias KoHyca.
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1
O0BeM yceueHHOro KoHyca: V= g TEH(RIQ + R1R2 + RQQ),

rne H —soicota, R| u R —paauychl BEpXHETO M HUKHETO OCHOBAHMIA.

[Iiotmans GOKOBOM MOBEPXHOCTH YCEUEHHOTO KOHyca:  Sgo = T(R| + Ro)L,
rae [ — obGpasyromas KoHyca.

1.11. Cdepa n map.

ITnomans chepsl (paguyca R): S = 4nR?,

O6mbem mapa (paguyca R): V = % nR>.

1.12. YacTu mapa.

OO6beM mapoBoro cermenra: V= % nH?(3R - H),

rne R — pamuyc mapa, /1 — BbicoTa cermenra.
[Tnomans cerMenTHOM mosepxHoct: S = 2R H.

2
O6beM mapoBoro cekropa: |V = 3 nR’H,

raie R — pamnyc mapa, H — Bbicora cekTopa.

Inomiaas MOJHON MOBEPXHOCTH IIAPOBOro cekTopa: S = TR (QH ++2RH - H 2 ) .

O6bem maposoro cios: V' = éTEHg + %TC (Rl2 + RQQ)H,

rae /1 — BeicoTa maposoro cinost, R} u R, — paauychsl LIapoBOro CIios.

[Tnomane mwaposoro moaca: S = 2nRH,

rae R — pamuyc ngyru, [ — BeicoTa mapoBoro mnosca.
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2. AHATMTHYeCKas TeOMeTpus

2.1. [IpssMas HA MJIOCKOCTH.

OG6mee ypasrenue npamoii: Ax + By + C = 0.
VpaBHeHHUe MpsMoii B mapameTpuyeckoii popme (1 — mapametp):
X =Ryt + x0, y=~kyt+ yo ka-I-k,yQ;tO.
VpaBHEHME NPAMOM ¢ YII0BBIM KO3 dHuueHTom K:
y=kx+b, k=tga, ae(0;n/2)U(n/2;m) — yron HakmoHa npsMoii.
X
VpaBHEHME NIPAMOI B OTpe3Kax: — + J_ I, (a=0,b=#0), (a0)u(0;b) — xoopau-
a
HaThl TOUEK nepecedenus npsamoi ¢ ocsmu OX u Oy COOTBETCTBEHHO.
HopmanbHoe ypaBHEHHE TIpaMoii: X cos o + y sin oo — p = 0, rme p — paccrosHue

OT Hayaja KOOPIMHAT JO TMPAMON, O — YIoJl MEKIY MOJOKHUTENbHBIM HampasienueM ocu OX u
NEePIEeHANKYJIAPOM K TPSMOH, ONMYIIEHHBIM W3 Hadajga KoopAauHaT. KospduumeHTs HOpMalbHOTO
ypaBHEHHS MIPSIMOH CBSI3aHBI ¢ KO3 PHUIIMEHTaMU O0IIET0 YpaBHEHUSI PABEHCTBAMM:

cosa sina -p 1
A B B 4 A2 4 B2

rae A — HOPMHPYIONIHI MHOXKHUTENb YPaBHEHHA. 3HAK A NPOTUBONOJIOKEH 3HaKky C.
VpaBHEHME MPAMOM, TIPOXOISIIEH uepe3 JBe 3a1aHHble TOUKU (X1, Y1) u (X2, Yo2):
Y- _ X—X
Yo =l  Xo =X
Paccrostaue d ot Touku (Xo, o) no mpsmoii Ax+ By + C = 0:
d:|Ax0+B!/0+C|.

HeobxomuMoe H IOCTATOYHOE YCIOBHE MPHHAMICKHOCTH Tpex Touek (X1, Y1), (X2, Y2),

oyl
(X3, Y3) omHOW mpsIMON: | X9 Yo 1]|=0.
x3 Y3 1
Koopaunatsl Touku (Xg, Yo), Aensmieil oTpe3ok ¢ konamu (X1, Y1), (Xo, Yo) B OTHOIIEHHUH
X+ X Y+ Ay

A=—1: X0

b

1+ A Yo 1+ A

Koopaunatse! Touku nepeceueHus AByX npsimbix A1x + Biy + C; = 0, Asx + Boy + C2 =0
onpenessercs no gopmynram Kpamepa:

Bl Cl Cl Al

_ BQ CQ _ CQ AQ
0= Al Bl ’ o= Al Bl
AQ BQ AQ BQ

Heo6xoauMoe 1 TOCTATOYHOE YCIOBHE mapaeabHocTh npsiMeix:  A1Bo — AoB1 = 0.
Heo0xoauMoe 1 I0CTATOYHOE YCIIOBUE MepHeHANKYIsipHOCTH npsimbix:  AjAe + B1Bg = 0.
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KoopauHaThl TOUKH TIepecedenns npsambix i = kjx + b, y = kox + b:
bbb - bk
Dohi—ky T ki
Heo6xoaMMoe ¥ I0CTaTOYHOE YCIOBUE NAPaIIEIbHOCTH NPSAMBIX: Ry = ko.
Heo0Xx0auMOe 1 JOCTATOUHOE YCIOBHUE MEPIIEHAUKYIAPHOCTH NPAMBIX:  RjRo = —1.
| AB, — A5, |
2 2 2 27’
\/A1 + B \/AQ + B5
TTe. 2 2. %744+ BB
\/A1+Bl\/A2+BQ 112 + BBy
Yron o mexnay npsMmbiMu Yy = kix + b, y = kox + b:

ki =k

1+ Ak

VpaBHeHHEe MydYKa MPSMbIX, MPOXOMAIIMX 4Yepe3 TOUKy mepecedeHus npsmeix Ajx + Bjy +
+ Ci =0 ([ =1, 2): 7\,1(/11)6 + Bix + C]) + 7\,2(/12)6 + Box + CQ) =0 (7\,21 +7\.22 * 0)

VYenosue nepeceuenns tpex npsmeix Ajx + Bjy + C; =0 ([ =1, 2, 3) B oxHOii TouKe:

Yron o MexAy npsMbIMH: Sino =

toa = (RiRy #-1). Ecmu Rjky =-1, To a=mn/2.

Al Bl Cl
AQ BQ C2 == O
Ay By Cs

2.2. [li1ocKkMe JJMHUM BTOPOro mopsiaka. dusmnc. ['nnepooJia. [lapadoaa.
OO1ee ypaBHEHHUE JIMHUW BTOPOTO MOPSIIKA B IEKAPTOBOM CUCTEME KOOPIUHAT:
F(x,y)= a11x2 + 2a9xy + a22y2 + 2a1x + 2a0y + ao = 0. (1)
WMuBapraHThl OTHOCUTENBHO NIEPEHOCA Hayana KOOPAUHAT U TOBOPOTA OCEIA:
qr 42 9

arp 49

S=an+tan 6= s A=|ag ay aof.

a a
12 22 a ay  ag

XapakrepucTuueckas KBajapaTtuuHas popma ypasHenus (1): a11x2 + 2a9xy + aQQyQ. (2)

. @A Q2 |
XapakTepuCcTUYECKOE YpaBHEHHUE KBaIpaTUUHON Qopmbl (2): =0.

Qg Ao — A
CBs3b MEXIy KOPHSIMH XapaKTEPUCTHUECKOTO YPaBHEHHUS KBaJIPAaTUYHON (OPMBI U MHBapUaH-
TaMHU: S = }\,1 + }\42, 0= 7\,1'7\42.
[TonmyunBapuanT ypaBHeHus (1) (MHBapHaHT OTHOCUTEIHHO IMOBOPOTA OCEHl):
A= Qoo Qo 4 q
o

+

a Q

B 3aBucumoctu or 3HaueHuit Beamuun O, A, S, A ypasuenwue (1) ompenenser oaHy M3 Ciie-
JYIOIINX JIMHUM:

A 20 S-A <0  neiicTBUTENBHBIN SIUIMIIC;
+
0>0 S-A >0  MHUMSII IHIC;

A= 0 apa MHUMBIX COIIPSZKCHHBIX IIEPECCKAOIUXCS IIPAMBIX



2.2. INIOCKHUE JIMHUN BTOPOTI'O ITIOPAAKA. SJIUINIIC. TUITEPBOJIA. ITAPABOJIA. 17

A #0  runepbona;
6<O{ P

A =0  napa IeACTBUTENLHBIX TIEPECEKAIOIIMXCS TIPIMBIX;

A #(0  napabona;

520 A >0  napa MHUMBIX NapaIENbHBIX IPAMBIX;

A=0<A<0 napaneHcTBUTENBHBIX NapAJIEALHBIX IPAMBIX;
A =0 mapa 1elCTBHTENBHBIX COBNANAIONIMX IIPAMBIX.
OpToroHanbHBIM Pe0Opa30BaHUEM KOOPAUHAT
x=x"cosa—y'sina+ xo, y=x"sinoa+ y' cosa+ yo

obmiee ypaBuenue [ (x, y) = 0 B HeBbIpOXkIeHHOM citydae (A # 0) HIPUBOIUTCS K KAHOHUYECCKOMH
dbopme ypaBHEHHH 3JUTHIICA, TUTIEPOOITBI U TapaboJIb.

Onnunc. KaHoHnueckoe ypaBHEHUE:
S > A 9 A
—2 =+ —2 =1, a” = -, b = -,
a b 7\.28 7\.16

rae Ay ¥ Ay — KOPHH XapaKTEPUCTUUYECKOTO YPaBHEHHS, Aj>A,.

VYpaBHeHHE B mapaMeTpudeckoii popme (I — mapamerp):
x=acost, y=>bsint, (tel0;2n)).
P

YpaBHEHME B MOJAPHBIX KOOpAUHATAX /, @: = ———— THE P = b2 / a — doxanb-
l+ecoso

HBIN mapameTp, € = \/CZQ — b2 a — oskcuentpucuter (0<e<1), a — 6oabIIas moayocCh.

VYpaBHEHHE TUPEKTPHC SIUIUIICA B ICKAPTOBOH CHCTEME KOOp/MHAT: X = — a/e, x = a/e.

OKpPY X HOCTH . YpaBHEHHE OKPY)KHOCTH paauyca R,

C IIEHTPOM B Hayajie KOOPJHHAT: X+ y2 =R’ ;

¢ uenTpoMm B Touke (a; b): (x — a)2 + (y — b)2 = R?;

C IICHTPOM B TOUKe (70; @): P - 2rrp cos (@ — @o) + r02 = RQ;
C IIEHTPOM B IOJIFOCE MOJIIPHON CHCTEMBI KOOpAUHAT: 7 = R ;

F'mmepObomna. Kanonnueckoe ypaBHeHuUe:
Y 2 A 2 _ A
—2 — —2 = 1’ a = -, b = —,
a’ b hod A0

rae Ay ¥ Ay — KOPHH XapaKTEPUCTUUYECKOTO YPaBHEHHS, Aj>A,.

VYpaBHeHue B napamerpudeckoit popme (! — mapamerp):
x=acht, y=bsht, (te (o +wx0)).
P

VYpaBHeHME B MOJSAPHBIX KOOpAMHATAxX r, @: 1 =——— D = b2 / a — QokanabHbIHA
l+ecoseo

napametp, € = Ja? — b2 / a > 1 — sxcuenTpucurer.

YpaBHEHHE TUPEKTPHC TUIIEpOOIIHI B IEKAPTOBOI CHCTEMe KOOpIMHAT: ¥ = — a/e, x = a/e.
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Mapaboma.

1 / A
Kanonunueckoe ypaBHeHHUE: y2 =2px, p= g — g — (okanbpHBbIi napameTp.

YpaBHeHue napabosbl B MOISAPHBIX KOOPAUHATAX: [/ = _r .
1+ coso

2.3. IliockocTh.
OO6riee ypaBHEHHE IUIOCKOCTH B JIEKAPTOBOM CHCTEME KOOPIUHAT:
Ax+ By + Cz+ D =0, A*+ B2+ C*#0.
X <
VpaBHEHHE B OTpE3Kax: — + % +—=1, (abc#0);
a c
(a; 0; 0), (0; b; 0), (0; 0; ¢) — Touku nepeceuenust mwrockoctu ¢ ocsimu Ox, Oy u Oz coorserct-
BEHHO.
HopmanbHoe ypaBHeHne: X cO0S o0 + ¢y cos B+ zcosy— p =0, rme cosa,cosPu

COS Y — KOMITOHCHTBEI BEKTOpa eI[HHHqHOﬁ AJINHBI, NCPICHAUKYJIAPHOr'O INIOCKOCTHU, p — pacCToAd-
HHUC OT HadaJla KOOpAWHAT A0 IIJTOCKOCTH.

KoadduumenTs! 0011ero 1 HOpMaJIbHOTO YPaBHEHH TNIOCKOCTH CBSI3aHbI pABEHCTBAMMU:

cosa =AA, cosB=AB, cosy=AC, p=-AD, |k|:\/2 12 .
A+ B +C

(3HAaK A TPOTHUBOIOJIOKEH 3HAKY D).
[MapameTpudeckoe ypaBHEHHE IJIOCKOCTH, MPOXOIAIIEH uepe3 Touky (xo, Yo, 20) ¥ COAEpKa-
1Ieil HeKOJUTMHEapHbIe BEKTOPbl a = (ay; az; a3) u b = (by; bo; b3) (u, v — napamerpsl):

x=x0+au+ b, y=yo+ awu + bou, z=2zy+ asu + b3v.
KoMITOHEeHTHI BEeKTOPOB @ W b cBs3aHbI ¢ Ko3pdunuenramu A, B, C:

A% B as 4 q a
by b by b b by

YpaBHEHHE ITIOCKOCTH, IPOXOAAIIEH Yyepe3 Tpu 3alaHHble Touku (X; y;; 2;) (i =1, 2, 3), He
JIeXalre Ha OJTHOM MPSAMO:

= ; C =

b

x y z 1
X 2 1
1 U 1 —0.
XQ yQ 22 1
X3 Y3 23 |

VYpaBHEHME MJIOCKOCTH, IPOXOASILEH Yepe3 3aJaHHY0 TOUKY (X0, 40, 20) W NEPIEHIUKYJIIPHON
Bektopy B = (A; B; C): A(x — xo) + B(y — yo) + C(z — 20) = 0.
Heobxonumoe M OCTATOYHOE YCIIOBHE MapajvienbHocTH miockocteir A;x + By + Ciz +
+D;=0 (i=1,2): A=Ay By =2ABy, Ci=2ArCy.
Heobxomumoe U T0CTaTOYHOE YCIIOBUE MEPIICHANKYIISIPHOCTH TUTIOCKOCTEH:
Ay Ao + B1Bo + C1Co = 0.
Paccrosiane ot Touku (Xo; Yo; 20) mo miockoctn Ax + By + Cz + D = O:

d_|AxO+By0+CZO+D|
\/AQ+BQ+C2 .
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PaccrostHne Mexay AByMsI mapauieldbHbIMU iockoctsimua Ax + By + Cz + Dy = 0 wu
Ax+ By + Cz+ D, = 0:
L 1bn-D|
VA% + B2 + 2

VYron ¢ wmexnay mwiockoctamu A;x + By + Ciz+ D; =0 (i =1, 2):

\/A12+BIQ+C12\/A22+BQQ+C22 '

CosQ =

2.4. IIpsiMble B IPOCTPaHCTBeE.
[TpsiMast B mpOCTpaHCTBE MOKET OBITh 3a/laHa KAK JIMHUS NEPecedyeHus ABYX HemapallielbHbIX

wiockocreit  Ayx + By + Ciz+ Dy =0, Ayyx + Byy + Cz + Dy, = 0. (1)

[TapameTpuyeckoe ypaBHeHHE NpsAMON: X = xo + ryt, Yy = yo + ryt, z =20+ rs,

rae r=(ry, Iy, ;) — HaAnpagnAnwull 6eKmop npAMou, Xo, Yo, 20 — KOOPAUHATHI TOUKH, IIPH-

HaJ[JIekKaIEH MPSIMOil.
KoMmoHeHThI HampaBJIsIoIero BeKTopa mpsiMoi CBs3aHbl ¢ Koddduimenramu cuctemsl (1) pa-

BenerBamu: 1y =(B1Ce — B2Cy), ry=(CiA2 — CoAy), ry=(A1B2 — A2B)).
Kanonunueckoe ypaBHeHHE NPSAMOM, IPOXOAIIEH yepe3 TOUKy (Xo; Yo; 20) U UMEIOLIEH HanpaB-
X=X _ Y=Y _2=%

X ry rZ

yl"OJ'I (p Me>1<z[y ,Z[BYMSI HpHMBIMI/I, 3aJaHHBIMH KAaHOHUYCCKUMHU ypaBHeHI/I}IMI/I
X=Xy _Y=Yp Z—2 x—X) Y-y, 2-2;.
— — L) = = .

!

JSFOILUI BEKTOP F = (7, Ty rz):

! !
nooon n nooon T
! ! !
gy +l'yli -l-l’zl’Z
cos @ = :
2 2

\/(rXQ +ry + )(r)22 + rf + rZ'Q)

VYcnoBue nepneHuKyJISIPHOCTH ABYX NPSIMbIX, 3aJJaHHBIMH KAHOHHYECKUMH YPABHEHUSIMU
i i i .
Iely + 1,0, + 1,0, = 0.

Ycnosue MapajuiCJIbHOCTH ABYX HPAMBIX, 3aIaHHBIX KAHOHUYCCKUMU YPABHCHUSIMU:

el _
' ' r
oty o
VYcenoBue nepneHauKyISIpHOCTH IPSMOM, 3aJaHHOM KAaHOHUYECKUM YPaBHEHUEM, U IIJIOCKOCTH
A B
Ax+ By + Cz+ D = 0: A_B_C
e ly Iz

VYpaBHeHUe TIPSMOH, MPOXOAIIEH Yepe3 TOUKY (X0; Yo; 20) W NEPHEHANKYJSIPHON TIOCKOCTH

Ax+By+Cz+D=0:. x—xo=A, y—yo=AB, z—2z20=AC.
Paccrosinue ot Touku (X1; y1; 21) 10 NPSMOM, 3aJaHHON KaHOHUYECKUM YPAaBHEHHUEM:

i %

18 r. 2 . i3 2 18 18 2
Yy 2 + z X + X Yy
d=\|1Y% % 2 —73 04 Yo~ X Xo =X Yo — Y
2 2 2
re 1, +1;
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2.5. IloBepXHOCTH BTOPOI0 MOPSAKA.
OO61iee ypaBHEHHE MTOBEPXHOCTH BTOPOTO TOPSIKA B IEKAPTOBOM CUCTEME KOOPAMHAT:
F(x,y,z)= a11x2 + 2a19xy + a22y2 + 2a13xz + 2a93yz + a3322 +
+ 2a1x + 2a9y + 2a3z + ag = 0. (1)
NHBapuaHThl MOBEPXHOCTH BTOPOrO MOPSAKA OTHOCHTEIBHO MapajlieIbHOTO MEPEHOca U MOBO-
pora oceii:
M q2 43 a, ay as
Qg dgg do3 o | 5=
M3 Qg3 43z a3
a a4z G4y

Qg Qoo Qo3 |;
Qi3 Qo3 Qs3

a a a a a a
S=a11+a22+a33; J = 11 12 n 22 23 " 33 13 .
Qg Qg9 o3 a3 43 @
Xapaktepuctuueckas kBaapatudHas opma ypaBaenus (1):
Q(x,y,2)= anx’ + 2a19xy + a22y2 + 2a13xz + 2a93yz + ass?”. (2)
XapaKTepucTUYECKOe ypaBHEHUE KBAAPATUIHON PopMHI (2):
qr—h  ap a3
D) Qoo — A Cl23 =0.
a3 g3 azz — A

CBsi3b MEXIY KOPHAMH Ay, Ay, A3 XapaKTepUCTHUECKOTO YPaBHEHHsI KBAJAPATHYHON GOPMBI U

HWHBapHuaHTaMM: S= 7\«1 + 7\/2 + 7\/3 5 J= 7\,17\,2 + 7\,17\,3 + 7\,27\,3 ; o= }\417\/2}\43.
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I.LO#0:
Venopus S-6>0, />0
BBITIOJIHEHBI HapYIICHBI
SIUTATICOU I JIBYTIOJIOCTHBIN TUTIEPOOION:
A<0 x? yQ 22 x2 yQ 22
ytogt 5 =1 Tty g
a b c a b c
MHHMBIN 3JUTUTICOU/T; OJTHOTIOJIOCTHOM THIEepOOTOUI:
A>0 2y 2 22
;ct et =1 st~ =1
a b c a b c
MHHUMBIN KOHYC C IECTBUTEIIbHON BEPIINHOM: KOHYC:
2 2 2 2 2 2
A=0 X Y P4 Y z
ytogt—5 =0 st 55 =0
a b c b c
IL&=0:
§ X2 yQ
A <0: »>muMnTHYecKuit mapabosons: 5 + PO tz
b
2 2
. X Y
A>0: runepbonuyeckuii mapabOIOHI: — T 5 = tz.
a b

A=0: UWIMHIPHI:
siunradeckuii mpu J > 0;
runepbomnyeckuii mpu J < 0;

napabomuueckuii npu J = 0,

HJIN Mapbl IIOCKOCTEH: ﬂCﬁCTBHTGHBHLIX, MHHUMBIX, COBIIaAAKOIINX.
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3. InddepenunanbHas reomeTpus

3.1. JInHMu HA TIOCKOCTH.
Kacamenvnvim éexkmopom (Mv 6ekmopom ckopocmu) K JINHAH, 3371aBa€MOH B TapaMeTPUIECKOM
dopme r=r (t)=(x (1), y (), rme ¢ mpoberaer HEKOTOPHIH OTPE3OK, HA3BIBACTCS BEKTOP

o(t) = D _ Gy 1),

dt
do(t) _ d’r(l)
i g - W),

Ecnu B kauecTBe mapamerpa ! BbiOpaHa quuMHa quauM [, To | v | =1; [ wHaswBaror namy-
PAbHBIM napamempom KpUBOU.

Bexmopom yckopenus naspiBaetcs Bektop W (1) =

Kpususnou k murun r=r () c HarypanbHBIM mapaMeTpoM [ Ha3bIBAETCS MOJYJIb BEKTO-
pa yckopenust: k=|w ([)].
Paduycom kpususHbl TMHAN HasbiBaetcs uncao R = 1/k.

JnmHa nvHMM, 3a/1aBaeMoi B mapamerpuueckoi popme r = r (f) = (x (1); y (1)), oT TOYKH

(x (1) y (1) morouxn (x (b); y () = [lo(t)]dt = [{i* +4° dt.

VYpaBHeHue KacaTeabHOM K iuHuu X = X (1), Yy =y (f) B TOUKE I():

y(%)
o) (x = x(%))-

VpaBuenue HopManu K uand X = X (f), y =y () B Touke f¢:

y—y(ty) = —20) (v x)).

y—ylly) =

ey
EnuHWYHbBI BEKTOp HOpMaiu M K KpuBoi X = X (1), y =y (1) ¢ HaTypalbHBIM Mapamer-
w 1 o
pom [ n= = (xX(0); (1)) .

lw | J#20) + i)
VYron Mexay aBymst KpuBbiMu X = X1 (1), y =y ({) u x = x2 (1), Yy = y2 (1), nepecexkarouu-
% + Ytk ‘
\/xl + 4 \/x2 + 15 ‘t fo

mucsipu [ =1p: COSQ =

b | ¥ - jx |
(% + %"
KoopauHats! neHTpa Kpyra KpuBu3HbL uHud X = X (1), y =y (1) npu t = {¢:

%o = xllg) = Millo), Yo = yllg) + hilly).  tae A =[(E* +§7) /(i - xd)] _

Kpususna & munuu x = x (1), y =y () ()'62 + yQ = 0):

Qopmynbs dpeHne: d—z'w:kn, — = —kv
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3.2. /lunuu B MPOCTPAHCTBeE.
Kacamenvnvim éekmopom (6ekmopom ckopocmu) TAHAY, 3a1aBA€MOH B ITapaMeTpuuecKoit ¢op-

dr(t)

me r=r (t)=(x (1), y (1), z (t)), naspiBaercs Bektop U () = e = (X (2); y(2); 2(1)).
2
Bexmopom yckopenus Ha3bIBaeTcs BeKTop W (1) = dz(tt) = ddzét) = (X(1); (), 2(1)).

Ecnu B kauecTBe mapamerpa ! BbiOpaHa JuuHa Juaud [, o | v |=1; [ wHasbBaror namy-
PanbHbLIM nApamempom KpUBOL.

Kpueusnoti k 1wHWM C HaTypaabHBIM IIapaMeTpoM [ Ha3bIBA€TCS MOJIYJb BEKTOPa yCKO-
penus: k=|w ()]

JmHa nuHWM, 3a7aBaeMoil B mapamerpuueckoi popme v = r (1) = (x (t); y (¢) ; 2 (1)), oT
touku (x (41); y (H); 2 (1)) mo Touku (x (12); y (t2); 2 (12)):

) 19
L= [lo@)]dt = [ + 5%+ 2* dt.
4 l

. . w
EI[I/IHI/I‘-IHI)II/I BCKTOpP INIaBHOU HOpMAJIN: n

wl

EnvHIuHBIA BekTop GMHOpManu muaun ¥ = r (1) (I — HaTypanbHbIi mapamerp): b = [vxn].

db
Kpyuenne % nuuuum r = r (/) ({ — HaTypajbHBIH MapaMeTp): %K = W .
xd
Kpususna muauu r = r (1) ( — NpOM3BOJIBHEI apameTp): R = W
P

(7, F,F)
_[.—2'
r X I"]

opmynws @Dpewne mag auaun r = r (/) (| — HaTypanbHBIA MapaMeTp):

d_v:kn, ﬂ:—%b—k‘v, d—bZ%ﬂ.
dl dl dl

Kpyuenne % nunuu r = r () ({ — NpOU3BONBHBIA ApaMeTp): % =

3.3. IlloaBu:kHBINM TpexrpaHHUK ®@peHe NPOCTPAHCTBEHHOH KPUBO.

[TiockocTk, onpenensemMas BEKTopaMu n 1 v(/), — CONpHKAcaIoImascst INIOCKOCTh; TIOCKOCTb,
orpezesieMas BEKTOpaMu f1 1 b, — HOpMasibHasl MJIOCKOCTh; MJIOCKOCTh, OMpeaeisieMas BEKTOPaMHu
v([) u b, — crupsmisronast IIOCKOCTb.

YpaBHEHUS 3JICMEHTOB IMOJIBUXKHOTO TpexrpaHHuka B Touke (X (); y (lo); 2 (L))

x = x(l) _Y= yly) _ z—2(ly)

x(ly) y(ly) 2(l)
x = x(ly) _Y- yly)  z- 2(10)_

¥(lp) i(lp) 2(ly)
x—xtp) _ y-uyly) _ z-2b)
y(ly)  2(ly) 2(ly)  x(ly) x(ly)  y(ly)
illy)  2(ly) 2(ly)  X(ly) ¥(ly) ()

YpaBHEHUs KacaTeIbHOM:

VYpaBHEHHE ITIABHOM HOpMAaJIU:

YpaBHeHue OMHOPMAIH: ‘
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x=x(ly) y-yly) z-=2)

VpaBHEHHE COMPUKACAOIICHCS TIOCKOCTH: x(ly) y(ly) () |=0.
X(ly) y(lp) 2(lp)
Ypasrenue HopmanbHoi mwiockoctu:  X(4y) [x — x(ly)] + 9(ly)ly — y(ly)] + 2(ly) [z — 2({y)] = 0.
x=x(l)  y-uyly) z-20)
YpaBHeHUE COPSIMIISIONIEH TIJIOCKOCTH: x(ly) y(lp) 2(p) -0-
U Z I=ly Z X I=ly X y [=ly

3.4. IloBepxHOCTH B TPEXMEPHOM NPOCTPAHCTBeE.
CrniocoObl 3a/1aHUsI TOBEPXHOCTH:
— siBHBIA — (yHKUMEH 2 = [ (X, y);
— HesIBHBII — B BHJeE ypaBHenus [ (x, y, 2) = 0;
— TMapaMeTpUYecKuil — B BEKTOPHOM BUze: v = r (U, v),

B KOOPJWHATHOM BHae: X = X (u, v), y = y (u, v), 2 = 2z (u, v),
r7e U, U — TraycCOBBI KOOPIUHATHI TIOBEPXHOCTH.

Touka moBepxHOCTH (X (U0, Vo), Y (Uo, Vo), 2 (Uo, Vo)) HA3BIBACTCS HeoC0OOU, ecnu (HyHKIUH

0y

ax oz
(1) umeroT HenpepbIBHBIE YaCTHBIE POU3BOIHBIE U PAHT MATPULIBI Z)Lé SZ 2Z paBeH 2.
v v v

YpaBHeHHE KacaTelIbHON IIIOCKOCTH K MOBEPXHOCTH, 33/IaHHON B MapaMeTpuyeckoil ¢opme, B
HE0co00M Touke (Uo; Uo):

X = x(ug,vy) Yy —yluy,vg) 2z—2(uy,vp)
0x(ug,vy)  OYylug,vy)  92(ug,vp)
ou ou ou =0.
Ox(ug,vg)  Oylug,vg)  02(up,vp)
ov ov ov
YpaBHEHHE HOPMAIU K TIOBEPXHOCTH, 33/IaHHOM B TApaMeTPUUIECKOi opme, B He0c000ii Touke (i, Uo):
X — x(up,vp) _ Y — Yo, %) _ 2 — 2(Uy,vp) _
oy(uy,vy)  02(uy,vp) 0z(uy,vy)  0x(uy,vy) 0x(uy,vy)  Oy(ugy,vp)
ou ou ou ou ou ou
oy(uy,vy)  02(uy,vp) 0z(uy,vy)  0x(uy,vy) 0x(uy,vy)  Oy(ug,vp)
ov ov ov ov ov ov
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Juddepenuman pamuyc-BeKTopa F BIOJNb MapaMETPUYCCKU 3aJaHHOW JMHUH U = u(l),

or or
v = u(t), nexamei Ha moBepxuHoctu r = r (u, v). dr = a—du + a—dv.
u 0

Ksanpar muddepennuana paanyc-BeKTopa: dS? = (dr)2 = E(a,'u)2 + 2F du dv + G dv*
(nepeas keaopamuunas ¢hopma TOBEPXHOCTH).
Koadpdunuenrsr £, F, G mepBoii KBaapaTHIHON (HOPMBIL:

E = E(uo) = 2. 0" :(axf +(5_!/j2 +(5_2j2
’ ou Ou ou ou ou )’
or Or ox 0x 0Oy 0y 0z Oz

+ +

F = F(u,v) = . = ,
(u,0) ou Ov ou 0v ou 0v ou 0ov

2 2 2
G=Guo) =20 or _[ox) (o) (02)
ov 0Ov ov ov ov
JmiHa tyrv Jimand © = u(t), v = u(!) Ha OBEPXHOCTH, 33JJaHHOH B MapaMeTprdeckoi opme (1):
fy

2 2
= E[a—”j +2Fa—”@+a(a—”j dt-
ot ot ot ot
4
[Tnomane MOBEPXHOCTH, 3aJAHHOM B TIApaMETPUUIECKOM opme:

S = EG - Fldu do = ‘6—r><a—r
ou ov
s s

rac 2. — o0jacThb IMMOBEPXHOCTHU HaA IIJIOCKOCTH U, U.

du dv >

[Tromiaas MOBEPXHOCTH, 3aJaHHOM B sBHOM hopme 2z = [ (x, y):
9 2
S = 1+ [ij + or dx dy
ox oy
X

rae Xy — MPOEKIHs 00JIACTH 2 TOBEPXHOCTH Ha IUIOCKOCTh X, Y.

EnuHUYHBI BEKTOP HOPMaJX K IIOBEPXHOCTH, 3a[aHHON B TIapaMeTpudeckoi popme r = r (u, 0):

anr}
m(u,v) = ou 0Ov
o JEG - F?

rne £, [, G — xo3¢ddununeHTs nepBoii KBaApaTUIHON (POPMBIL.

Bmopas keadopamuunas ¢hopma noBepxHocta r = r (u, v):
—(dr - dm) = L (u, v)du® + 2M (u, v) du dv + N (u, v) do°,

rne L, M, u N — ko3 HUIIUEHTHI:
o or or
o%r ou? ou’ ov

o' JEG-F

L(u,0) =m -
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&°r or or
Mw.o) o%r dudv’ du’ v
u,v)=m- =
Ou Ov JEG - F?
o' or or
2 27 0u’ ov
N(u,v):m.ar_ ov

o> JEG - F?

Hopmanvroe ceuenue TIOBEPXHOCTH B TOUKe (io; Ug) — KpHBasi MEPECCUCHUSI MOBEPXHOCTH C
HOPMAJILHOW TUIOCKOCTBIO (IUIOCKOCTBIO, MPOXOSIIEH Yepe3 HOPMalb K MOBEPXHOCTU B TOUke (Uo;

Uo)).

KpHBH3HA HOPMAJIEHOTO CEYEHHs, IPOBEICHHOTO B Hanpagienuu di/dv:

 L(du)® +2M du dv + N(dv)*

ky = 5 5
E(du)? + 2F du dv + G(dv)
Teopema MeHnbse. Kpususna kpusoti Y, nedxcaweli Ha NOBEPXHOCMU, CEA3AHA C
k
KPUBU3HOU HOPMATIbHO20 ceuenus gopmynon R = N ol 20e O — yeon mexncoy conpuxacaro-
(G0N

melZC}l NJj10CKOCmMusHO Kpl/l601/7 Y U njaI0CKOCMbHO HOPMAIbHO2CO Ce€YEeHUA.
B Ka}I(,HOﬁ TOYKE IMOBCPXHOCTH CYHIECCTBYIOT ABA 2/l1ABHbLIX HOPMAILbHbBIX ceuerus, NI KOTOPBIX

ky TpUHUMaeT HauOoJIbIICE K| W HAaMMEHbIIECEe Ro 3HAYCHUS (21A6HbIE KPUBU3HDL), SABISIOIIACCS
. L—-—kE M-FkF
KOPHSIMH XapaKTEPUCTUUYECKOTO YPaBHEHUS =0.
M—-kF N-kG
HanpasieHus kacaTelbHBIX K IVIABHBIM CEYCHUSM B IAHHOW TOYKE HA3bIBAIOTCS TNIABHBIMHU HaTlpaBJie-
HUSMH (OHU B3aUMHO OPTOTOHAJIBHBI).
dopmyna Dinepa. KpuBusHa Npou3BOIbHOIO HOPMAILHOTO CEUCHHUS BBIpaXKa-
eTCsl Yepe3 TJIaBHbIC KPUBHM3HBI R, k9 M YTOI (@ MEXIy KacaTelbHbIM BEKTOPOM K HOPMAaJIbHOMY ce-
2 . 2
YEHUIO U TICPBBIM INIABHBIM HampaBiieHHeM: Ry = k| cos™ ¢ + kg sin” ¢ .
ki+ky 1 EN-2FM+GL
Cpeonsis kpususna nosepxuoctu:  H(u,0) = ——= = — 5 :
2 2 EG-F
2
LN -M
—
EG-F

3nauenus ki, ko, H, K He 3aBUCAT OT BEIOOpA KPUBOJIMHEHHBIX KOOPAUHAT.

l'ayccoBa KkpuBH3HA (IIONHAst KpHBU3HA) moBepxHocTH: K (1,V) = kiky =

*
) KpOMe OMOUNUYECKUX mo4eK, B KOTOPbIX kN OOHO U TO XK€ IJId BCEX HOPMAJIBHBIX CCUCHUM.
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4. BeKTOpBI U BeKTOPHbIE QPYHKIIUHN

4.1. BexTopHas anreopa.

Cnoxenue BektopoB: a +0=a, a+b=b+a, a+(b+c)=(a+b)+ec
YMHOKEHUE BEKTOPa Ha YUCJIO:

ra=ak, Apa)=(rpn)-a ia+b)=ra+rb, (A+p)a=hia-+pa.

Heo6XoquMoe M JOCTaTOYHOE YCIOBHE KOIUIMHEAPHOCTH BEKTOpPOB a = (aj; a9, as),
a a a a a a
b= (by; by; b3): 1 21| 31|72 31 = 0.
b by |b by| b by
HeoOxoaumMoe M JOCTaTOYHOE YCIOBHE KOMIUIAHADHOCTH BEKTOPOB a = (ai; a9, as),
a Gy ag
b= (by; by; b3), c=(ci;co03): | by by|=0.
Cl CQ 63

Cransiprnoe npouseedeniie IBYX HEHYJIEBBIX BEKTOPOB @ U b — 4KCII0, paBHOE MPOU3BEICHHIO
JUIMH BEKTOPOB HA KOCHHYC yriia Mexay uumu:  (a,b) =| a |-| b | cosp, ¢ = (t;,\b).
Jlpyrue o6osnauenus: (a-b), a-b, ab.
CBoiiCTBa  CKaJSIPHOTO  TIPOW3BEICHHUS: (a, b) = (b, a), ((ka), b) = k(a, b),
(a, (b+ c)) = (a, b) + (a, c), (a,b)2 <(a,a)-(b,b) (mepaBencrBo Komm—ByHsKOBCKOTO).
CkaysipHOe POM3BEICHNE IBYX BEKTOPOB @ = (ay; ag; a3), b = (by; bo; b3) B koopauHaTax:
(a, b) = aib; + asbs + asbs .
VYroa Mexay BekTopamMu a = (aj; ag; as), b= (by1; be; b3):
(a,b) by + asby + azbs

|a|'|b|_\/a12+a§+a§\/b12+b22+b§'

coSQ =

Bexmopnoe npouzsedenue nByx BektopoB a u b — Bekxtop [a, b]:
1) Moxyus Bextopa [@, b] pasen |a|-|b|-sing (¢ = (a,b));
2) Bektop [a, b] nepnenaukyispeH kak a, Taku b ;

3) ynopsimoueHHast Tpoiika BekTopoB (a; b; [a,b]), OTIIOKEHHBIX OT OJHON TOYKH, 0Opa3yeT Impa-
BBIH Oa3uc.

Jpyrue obo3nauenus: [axb],  axb.
BekropHoe npousBeneHne IBYX BEKTOpoB a = (ay; a9; a3), b = (by; bo; b3) B KoopauHaTax:

[a,b]:(% az|.|% 4 J

by b3||by O
CBoiicTBa BEeKTOpHOTO mpom3Bencuus: [a, b]=—[b, a], [(a a),b]=a [a, b] (o0 — uucno),
[(a+b),cl=[a,c]+[b,c]l, [al[b,cll=b(a,c)—c(a b), [[a, b]l,c]=b(a,c)—al(b,c).

Cmewannoe (ckansipHo-eekmophoe) npouszsedenue <a, b, > Tpex HeHyJIeBBIX HEKOMILIAHAP-

a;  dg
b by

)

)

HBIX BEKTOPOB, 3aJaHHBIX CBOMMH KOOpIMHATAMH OTHOCHTENBHO mpaBoro Oasuca (i, j, R):
a= (ay; ag; as), a= (ai; ag; az), ¢ = (c1; cg; €3) — 4YUCIO, AOCONFOTHASI BEIMYMHA KOTOPOTO PaB-

Ha 00beMy TapasuIesIeIuIe/ia, IOCTPOSHHOTO Ha BEKTOpax @, b, ¢, MCXOASIIMX U3 OJHOU TOYKH. DTO
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YHCJIO TIOJIOKHUTENBHO, €CIM YIOpsaoYeHHas Tpoiika (a; b; ¢) obpasyer mpasblii 6asuc, U OTpHUIA-
o ¥
TCJIIbHO, €CJIN JICBBIU ".

CMeniaHHoOE IIPOU3BEIACHUEC BEKTOPOB a, b, C, 3aJIaHHBIX CBOUMU KOOPJAUHATAMMU:

a Qo as
<a, b, C> = bl b2 b3 .
G G (3

CBoiicTBa CMENMIAHHOTO MPOU3BEICHUS:

<a, b, c> = ([a, b), ¢) = ([b, c], a) = (¢, [a, b]) = — (b, |a, c]).

4.2. HexoTtopbie ¢popMy./ibl BEKTOPHOI0 AHAJIH3A.

T'paouenm cxansproit Gpynkuun f(r):

of .o .o,

B JIEKapTOBOM cucteme Koopaunat xyz: gradf = (a—,a—,a—j ;
X Oy 0z

719, L)

b

B ceprueckux koopaunatax r, 0, @: gradf = (8 38’ 75in6 50
ror rsin® og

5/‘.15/‘.5/‘}

B IWJIMHAPHYECKUX KOOpAMHATAX p, ¢, 2: grad[ = (—, - =

Jlusepzenyus BexTopHoi pyukuun F:

oF, oF, OF
B JIEKapTOBOii cucrteme koopaunar xyz: divF = Xy Y <.
x Oy Oz
B chepudeckux KoopauHaTax r, 0, @:
oF,
diVF:Li(rQF:)Jr 1 i(sine-F; + 1 —,
r? or rsin® 00 rsin® o¢

.
rne Fp, Fy, Fy — dmsuueckne kommonentst Bexropa F;

1o, « 10 &F

B LWIMHAPMYECKUX KOOpAMHATAX P, ¢, 2Z: div F = ——(pr )+ ———+ , TIe
p Op p Op 0z

ok ok
Fp , F(p , I, — ¢usnueckue xomnonentsl Bextopa F B chepudecknx KoopauHatax p, @, 2.

Pomop Bextopuoi pyuxuun F:

ik
. ) 0 o0 0
B JICKapTOBOU CUCTEME KOOpAUHAT xyz: rotF =|— — —|, WM
ox Oy oz
F. F, F

)

rOJ[FZ(@FZ _al:;/. an _an. aFL/ _an)

dy o6z 0z ox ox Oy

* . . (v}
) B ciyuae, korma 6asuc (i, j, k) — neBbIil, cMenIaHHOE MPOU3BECHHE BEKTOPOB 4, b, ¢ mosnoxu-

TEJBHO, eCiii Tpoiika (a; b; ¢) obpasyer JeBblii 6a3wc, U OTPUIATEIHLHO B IPOTHBHOM CIIydac.
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_ G oFy
B cepuueckux koopauHarax r, 0, @:  rot F = ( in@) — ;
rsin@| 0o o

1 1 oF a(rF(;) 1| oUEy) oFf
r|{sin® oo or r or 09

B MUWIMHAPHUYICCKUX KOOpAUHATaxX P, @, <

CF - VoFs OF | |oF, oFk| 1|a(ph,) oF
p 0 oz || oz o | p op o

[Mpocreiimme HopMyIbl BRIYMCICHHS TpaJMeHTa, TUBepreHuy U poropa (C — mocTosHHASA, €
— TIOCTOSTHHBIN BEKTOP):

grad C =0, orad (Cf) = C grad J,
grad (f1 + fe) = grad J1 + grad [,
grad (fif2) = grad J; + grad fo,
div ¢ = 0, div CF = C div F, div (Fi + F2) = div F; + div Fo,
div (fF) = [ div F + F grad [,
rot ¢ = 0, rot CF = C rot F,
rot (F1 + Fg) = rot F| + rot Fo,
rot (fF)= [ rot F + (grad J) x F.
Onepamop Jlannaca ot ckansipuoit pyuxmuu f:  Af =div grad [.
o’ &% o
+ + ;
ox> 6y2 022’

Oneparop Jlamnaca B 1eKapTOBO#i cUCTEME KOOpAMHAT Xyz: Af =

B chepuyeckux KoopauHatax 7, 0, ¢:

2 2
Af:8£+£8f 1 0f 128£+ 12ctg60—f;
op p op p?sin?0 o¢? p? 06 P 00
B LIMJIMH/IPUYECKUX KOOPAUHATAX P, ¢, 21 Af = ——( a—fJ —]; f
pap\ op) p?og? 027

Kosapuanmnas npoussoonas oT KOHTPaBapUaHTHBIX KOMIOHEHT BekTopa @ = wky;, B mpowus-

BOJILHOM CHCTeMe KPUBOMMHEHHBIX KOOPAMHAT MX ¢ 6a3MCHBIMU BEKTOPAMH 9, :

r_ 0w k 3
V,w +w! I
on’
Kosapuanmuas npouseo0Has OT KOHTPABAPUAHTHBIX KOMIIOHEHT BEKTOpa W = w,ak :
ow ;
Vi, =—=% —wT}.
i /7 RL
on

OcHOBHbIE 0003HAYCHUS: J; i (i, j=1,2,3) — KOMIIOHEHTBI METPUYECKOTO TEH30Pa;
B JICKapTOBOIi CUCTEME KOOPAMHAT: 11 =g =g33=1, g;;=0 mpu i# J;
B c(pepHUecKHX KOOPIUHATAX: g1 =g, = 1, @20 = Qo9 =1 g33 =Z80p = r*sin’0, gij=0mpui#j;
B UINHAPHYCCKUX KOOPAUHATAX: g11=gpp =1, 820 =L = ph, g33=8.= 1, gij=0 mpu i#].
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CBolicTBa KOBapHAHTHOM MPOU3BOIHOM:
V;(cwk)=cV;wk,
V;(vk + wk)y=V; vk + V; wk,
V; (vl wk) = wkV; vi + v/ V; wk,
Vi(gjr) =0
Viw;j=gjr Vi wk.
@dopMynbl U BEIYUCICHUS cum60.1068 Kpucmoghghens mo KOMIOHEHTaM METPHYECKOTO TEH30pa:
i _ L i[9 Ogus . 98k
gk [ank on o’ j

B OPTOTOHAJILHOU CHCTEME KOOPAUHAT (g, i= 0 mpu i #j):

3

ri :Lgii@- ri :_Lgii %8ji .
l 9 an! ’ ji 9 anl ’
. 1 .. Oo. . . o .
FZ-:—g”il;; }k=0 npu [ #j, j#R, I #Ek
®dopmyisl 11t ciMBoJI0B Kpuctoddenst B mmmmHapuyeckon U chepruaeckoit cucteMax KOOpIuHaT:
Cdepuueckue KoopauHatsl 7, 0, @: [{rimHapryecKkre KOOpIAUHATBL P, O, 2:
ro_ . ro_ -2 N,
Lgg = -1 [yp = —rsin” 6; ;
Iy, =—p;
0 . 0 | Ol
I, =—sinBcos6, TI,y=—;
(0 ro 1
r r(p _
1 o 5
¢ — . o _

CuMBOITBI, HE TIPUBEICHHBIE B TAOJIHIIE, TOXKIECTBEHHO PaBHBI HYJIIO.

CBs13b KOBapUAHTHOM MPOU3BOIHOM C IPaJUEHTOM, AUBEPIEHIIMEN U POTOPOM:
11 cKaisipHOM yHKkMu ¢:  V; @ =grad ¢ ;

11 BeKTOpHOHM pyHkmmn w @ V; wl=divw;

1
st BekTopHo# dynkin @ (u = rot w):  u' = —(V, wg — Vg Wy), o, P,y 06-

Je

pasyloT KpyroBylo nepectaHosky us uucen 1,2,3; g = det H gij H
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II. HOCIEJOBATEIBHOCTMU. ITPOU3BO/IHBIE. UHTEI'PAJIBI.
1. YncsioBbIe MoCa1e10BaATEILHOCTH

1.1. OcHoBHBIE OnIpeae/IeHHS .

Yucno a Ha3bIBAIOT npeoenom nociedosamenvHocmu {a,,}: lim a, =a, ecmm mis mo-
n—0

6oro € >0 naiimercs takoe uucio N = N(g), uto |x,,—a|<e npu n> N.
[TocrenoBaTenbHOCTh, UMEIOIIAs TPEIEIT, Ha3bIBACTCS cxodsuyeics. 11ocnenoBaTebHOCTh, HE

VIMeIoLIas IpejieNnia, Ha3bIBaeTcsl pacxooaujelics. I1ocine0BaTebHOCTD {A,,} HA3bIBACTCS OZPAHUUEH-
HoOU ceepxy (cnu3y), eciu cymecTByeT Takoe uncino M, uto a, < M (a, > M) nna Bcex n. Ilocne-
JIOBaTEJIbHOCTh, OIPAaHMYCHHAsI CBEPXY W CHH3Y, HA3bIBACTCS ocpanuuennou. 110ciaenoBaTeIbHOCTh

{a,} Ha3pIBaercs eozpacmaroweii (yovisarowei), eciu a,41 > a, (a,+1 <a,) v Bcex n. Bo3pac-
TaIOIINE ¥ YOBIBAIOIINE TTIOCIIE0BATEIIEHOCTH HA3BIBAIOTCS MOHOMOHHbIMU.

1.2. OcHOBHBIE CBOIiCTBA Mpe/eJIOB NMOC/JAe10BATEILHOCTEI.
Ecmu {x,} n {y,} — IaBe cxoasumuecs nociea0BaTEIbLHOCTH, TO

lim (cx,) =climx, (c— uucno);

n—0 n—0
lim(x, +y,) = lim x, £ lim y,;
n—»o0 n—»o0 n—>0
lim(x,-y,) =limx, - limy,;
n—»o0 n—>® n—>o

lim x,
lim—t =222 pgpu limy, #0;
n—wy, limy, n—00

n—0
limx, < lim y, mpu  x, < Y,
n—>0 n—>0

Ecmn wiensl mocnepoBarensHocTedl  {X,}, {y,}, {2,} YHIOBIETBOPSIOT HEpaBEHCTBaM

<yp,<2z, m limx,=1limz,=a, 10 limy,=a.
n—o n—® n—®

Ecnu unens! nocnenoBareabHoCTed {X,}, {Y,} YHOBIETBOPSIOT HEPABEHCTBY X, <Y, U

limx, =a, limy,=0, 10 a<b.
n—>00 n—>00
Kpurepuit Komu. [ cywecmsosanus npedena nocnedosamensHocmu {x,}

Heobxo0uMo u docmamoyno, ymobwvl ons a0bozo € >0 cywyecmeosano makoe yucno Ng= N (g),

umo | Xp— X4y | <€, xaxmomvko n>No u p>0.
Teopema BelepmTpacca. Bceakasa monomonnas u oepanuuennas nocie-

008aMeNbHOCMb UMeem npec)efz.
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III.1. YU CJIOBBIE ITOCJIEJOBATEJIbBHOCTH

1.3. IlpeaeJibl HEKOTOPBIX NMOCJAEI0BATEIbHOCTEIH.

3mece a>0, b>1, a>0, p— HaTypaJIbHOE YUCIIO.

n n o
lim (1+Lj =e;, lim 1 =e¢;, lim a—:O; lim 2 =0; lim logy 1 =0
n—»o0 n n—o Ynl n—ow n—w p" n—w p%*
.1
sin —
lim Ya =1; lim Yn =1; lim n(%a -1)=Ing lim no_1
n—>o0 n—>0 n—>o0 n—w 1/n
1
e P sy P3P 4 e @l 9P
lim =1 lim = : lim =
n—w l/n n—»o0 A p+1 n—»o Prad p+1

. | l l
lim + +...+—1|=1In2.
n—oo\ 1 + 1 n+2 2n
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2. IlpousBoanbie U JU(PPepeHIHATbI

2.1. OcHOBHBIE ompe/ieJIeHusl.

IIpouseoonoii GyHKIMM y = [ (X) B TOUKEe X( Ha3bIBaIOT mpexen lim [(xg + Ax) = [(xo) X

Ax—0 Ax
Ecnu 9TOT mpejien CyIiecTByeT, TO TOBOPSAT, 4To [ (X) Jupghepenyupyema B TOUKE X
[pousBoanyto Gpyukuun [ (x) obosnavaror ['(xg) = d_f (xo) = df(x) .
dx dx |, %o

Ecnu npupatuenne f(xy+ Ax)— f(xy) MOXeT ObITh NPEICTABICHO B BH/IC
[(xo + Ax) = [(x9) = A(xg) - Ax + 0 (Ax),

rae 0 (Ax) — GECKOHEYHO MaJiasi BBICIIETO MOPSAKA, TO TIaBHAs JIMHEHHAS 4acTh STOTO MPUPAICHHS
A(xg) - Ax HazeBaercs oupgepenyuanom ¢yHkumu y = [ (X) B TOUKE X

df (xg) = A(xg) dx (dx = Ax).

s cymectBoBanus auddepeHunana GpyHkumun y = [(x) B Touke X HEOOXOAUMO H

J0CTAaTOYHO, YTOOBI CyIlIecTBOBaIa mpousBoaHas ['(xg), npuueM df(xg) = ['(xg) dx.

Yacmuotl npouzeoonoti yHkuun f(xq, ..., X;) B TOUKe (x?,...,x,g) 10 IEPEMEHHON X}, Ha-
0 0 0 0 0
. Xi,eoy Xp + AXp, o0, X,) — J(XT, ..., X
3BIBAIOT Ipeaen  lim [(x] k k n) — (X n) )
Axk—>0 AXk

Ecnu 9TOT npenen cyiiecTByeT, To roBOpsT, uTo GyHKums [ ouggepenyupyema 1o xj. Yact-

0 0
of(xy,...,x
HYIO IPOM3BOIHYIO 0003HAYAIOT [(x n)

0 0
i fy, (X7, ..., Xp).

axk
Ecnu nosiHOe npupalieHie MOXeT ObITh MPECTABICHO B BUIC
0 0y _ 0 0 0 0, _
AF(XT ooy X)) = (X FAX Y, ooy X FAX ) = (XY 5 ooy X)) =A1Ax )+ ..+ AQyAx, + 0(p),
n
rne Ay, ..., A, BHe3aBucaror Ax; (i=1,..,n) n p= Z(Axk)Q , TO GyHKIUS [(X{, ..., X;)
k=1
Ha3biBaeTcs auddepeHnupyemMoli B TOUKE (x(l),...,x,g ), ¥ TJaBHAas JIMHCWHAs 4YacTh MPHPAIICHUSI
A1Ax) + ...+ A, Axy,, paBHas
fndxg +...+ [ dx, (dx;=Ax;, i=1..,n), (1)
Ha3bIBACTCS NOIHbIM Ouppepenyuarom dyukumu f(x|, ..., X;;) B TOUKe (x?,...,x,g ), KOTOPBIH

obosnauaercss df. Cnaraemsie B (1) Ha3pIBarOTCS uacmubimu Ouggepenyuanramu 1 0003HAYAIOTCS
dyf: dyf=ldx  (=1...n).

2.2. OcHOBHBIE CBOCTBA MPOU3BOAHBIX U TH(depeHInAIOB.

Ecmu u(x) = const, To u'(x) =0, du=0.

Ecmm u(x) n v(x) — muddepeniupyemblie GyHKIUU B TOUKE X(), TO B 3TOH TOYKE:
(cu) = cu (c=const), d(cu)= cdu

(uxtv)y=u+v; dutv)=duzdu
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(uv) =d'v+udv; duv)=vdu+ udy,

u , u'v —uv u udv—vdu
4 v 4 v

[ITpousBongHas oOpaTHOW GYyHKIHU. Ecmu pyukmus y = [(x)
HEIpPEepbIBHA 1 MOHOTOHHA B OKPECTHOCTH TOYKH X() M cyliecTByeT mpousBogHas ['(xg) # 0, To 06-

patHas byukims g(y) mmbdepennupyema B Touke yo = [ (xg) u g'(y) = 1/['(xp).
IMMpousBoaHas cuHnoxHoW GyuHruouwu. Ecaubyakuun [(x) u ¢ (1)
nupdepeHpyeMbl B TOUKaX X W [j COOTBETCTBEHHO M X = ¢ (fp), TO cioxkHas (QYHKIHS

J (0 (1)) andipepenunpyevia n o 1o u (/(9())) |, = /') (i) = L& 220

do dt t:to'
MpousBongunas GYHKODUHU, 3aJaHHOWU B mapaMeTpH-
gyeckoi ¢opme. Ecm dymkumm x(f) m y(f) mauddepeHrmpyeMsl B TOUke [) H

x'(ty) # 0, ToBTOUKE X = X (1)) Yy = yillo) _ 4

xi(lp) X =1y
2.3. CBoiicTBa Npou3BOAHBIX U AU PepeHINATOB BbICHIET0 MOPSIAKA.

Ecnau pynknun w(x) u v(X) UMEIOT MPOU3BOIHBIE /1-TO MOPSIKA B TOUKE X(), TO B 3TOM TOYKE

(u+ v)n) = yln) + oln), dn(u+ v)=dw + d"w;
n n
(LW)(n) = Z C,f ulk) (n=k), d" (uv) = Z C,f d*u d" "o (¢popmyna Jleubnuya).
k=0 k=0

Bropas mpousBoanHnas obpaTtHo#u dywsHrunwmu. Ecmudyakmous
y = [(x) mBaxasl quddepeHnnpyeMa B TOYKE X(), HENPEPHIBHA H MOHOTOHHA B OKPECTHOCTH 3TOMH

touku U ['(x() # 0, TO OOpaTHas QpyHKIMsA X = g (y) Tawke ABaXAb AUddepeHIpyemMa B TOUKe
n g"(yo) = —1"(x0) / ["*(xp).

Bropas mpousBoagHas cnoxHoOoW dywHxunuwu. Ecmudyakuun
y=7(x) m x= ¢(t) mBaxgsl auddepeHIUpPyeMbl B TOUKaX X M f; COOTBETCTBEHHO W

xo = ¢©(ly), Tto cnoxHas ¢yukums [ (¢ (7)) nmBaxasl muddepeHuupyema B TOUKe [ U
(7(e®)))"|,_, = 1"(x0) ¢0'%(ty) + ['(x0) 9"ty ) -

Bropas nmpousBonHasgs GbYyHKUOUUHM, 3aJaHHOWU B mapa-

MeTpuueckoid dpopwme. Ecmupyukuuun x(¢) u y(¢) nBaxapl nudpdepeHIUpyeMbI

n ! ! 4
X: — Y X
BTouke ) u x'(1y) # 0, ToBTOUKE X(= X (1)) Yyy = Yuke — Yhir Byt it
Xq
Teopema Depwma. Ecwpyuxyus [(x) onpedenena é nekomopoii oKpecmHocmu

MOUKU X(), NPUHUMAEM 6 IMOU MouKe HauboIbUee Ul HauMeHbUlee 3HaYeHue U Oudpepenyupyema
¢ mouke xq, mo ['(xp) = 0.

Teopema Ponnans. Ecw pynkyua [(x) nenpepwviéna na [a, b], umeem 6 kagic-
ooti mouxe unmepsana (a, b) KoHeunyo npouzBOOHYIO U NPUHUMAEM PABHbIE 3HAYEHUs HA KOHYAX

ompeska, mo cywjecmeyem xoms 6ol 00Ha maxasi mouxka ¢ € (a, b), umo ['(c) = 0.
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Teopewma Jlarpanxa. FEcw¢yukyua [(x) nenpepviéna na [a, b] u oughge-
penyupyema na (a, b), mo é smom unmepsane cywecmsyem no Kpainei mepe 0OHa Makas mouxka c,

umo f(b) _f(a) — ]U(C)-
b-a
Teopema Komu. Ecwdynkyuu [(x) u g(y) nenpepvisnvl na [a, b], ougpgpe-
penyupyemvt Ha (a, b) u g'(x) = 0 ora x € (a, b), mo cywyecmsyem maxas mouxka c € (a, b),

[(0) — [(a) _ f’(c)_
g(b)—g(a) g'(c)

2.4. IIpon3BoaHbIe OT 3JIeMEHTAPHBIX (PYHKIHIA.

(x*) =a-x*" (o =const), (xF) =xF(Inx+]1);
(sinx) = cos x; (cosx) = —sinux;
(tgx) = ——; (ctgn) = ———;
cos” x sin® x
(arcsinx) = ;; (arccosx) = —;;
-2 -2
(arctgx) = ! 5 (arcctgx) = - ! 5
1+ x 1+ x
|
(a*) =a*Ing; (log, x) = :
xlna
(shx) =chux; (chx)" =shx;
| |
(thx) = ; (cthx) = - :
ch? x sh? x

2.5. YacTHble npou3BoaHbIe U Au(depeHuaIbl.

[IpousBogHas CANOXKHOWU GYHKIUH. Ecmu ¢ynkmus  y =

= y(xy, ..., X,) maddepeHmEpyemMa B TOUKE = (xlo,...,xg), a oyukumu x; = x; (11, ..., t;;)
x.

UMEIOT YaCTHBIC TIPOU3BOIHBIC a—t‘ (i=1,...,n j=1, .. m), tocnoxnas pyHkuus y(x(f))

/
uMeeT B Touke [V wacTHBIE MPOM3BOIHEIE % , KOTOpPBIE BBIYUCIISIFOTCS 110 (hopMyJie
/

%Y _ ia_y%
ot o ox ot
NuBapuanTHOCT, GOopMB mepBOTO nudbdbepeHumuanta.
Ecmm ¢ynkums y (x) mauddepenmupyema B Touke Xg, a yHkumm x; = x; ({) (i =1, ..., n)
muddepentupyembl B Touke (0, To cnoxmas dymxkuus  y (x(1)) = y (x((1), ..., x,(1)) madde-
penmupyema B Touke 10: dy = iwcﬁj = iwdxi(to).

j=1 oL, ol 0%
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YUacTHbhEe NpoU3BOAHBE GYHKLDIUH, 3aJaHHOMU B HE-
AsBHOM BHUJAe. Ecmudyskuus 3agana B HesBHOM BHJIE ypaBHeHUeM [ (xy, ..., x,, y) = 0,

KOTOpOE pa3peluMo OTHOCHTENbHO Y = [(X;, ..., X,) B OKDECTHOCTH HEKOTOPOIl TOYKU

0 0 o
(X153 X5 y0), W B OKPECTHOCTH 3TOM TOYKH CYIIECTBYIOT YACTHBIE TIPOM3BO/IHBIE F)éi , Fy', He-

. , 0. ..0
HpePHIBHBIE B 3TOM TOYKE, U FL/ # 0, TO B TOYke (X[ ;...;X, ) CyILIECTBYIOT HEIPEPLIBHBIC YACTHBIC
! ’ [ ’
MPOU3BOHBIE npu4eM =—F /F .
pOM3BOAHBIE [y, TP Ix, w1y

YacTHBHEe NPOU3BOITHBE HESIBHBX GYHKODUH, ompe-
TensieMbB X CHUCTeMOUWN ypaBHeHHUIU. Ilycts QpyHKuun yj=fj(x1,...,xn)

(/ = 1, ..., n) 3agaHBl HEsABHO CHCTeMOW ypaBHeHMH [ (x|, ..., X,, Y, -y Ypy) = 0

(i =1, ..., m), xoTopasi B HEKOTOPOil OKPECTHOCTH TOYKHU (xlo ; ...;x,?; ylo ; ---§l/21) AMeeT AUHCT-

of;
BCHHOC pPCIICHUC. Torna YaCTHBIC IIPOU3BOJHEBIC a—j HaxoOdATCsd KaK PCEIICHHUE CHCTCMbI

X
1

o {0

0x; j=1

AudbdbepeHuuans BBHCIMUX NDOPpAAKOB GYHKIOIHUHU OABYX

0 (k=12....m).
ayj axi

nepemeHHB X . Jubbeperiuan n-ro mopsiaka or GyHKIHUA IBYX MEPEMEHHBIX [(X, 4):
n
or(x, _
a"j(v.g) = Y Cf-TEDgynte ghy,
k=0 ax”_ ay

k
rie C,; — OuHOMHaNIbHBIC KO HUIICHTSL.
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3. IlepBooOpa3Hasi M HeonpeaeJIeHHbIN HHTErPaJl

3.1. OcHOBHBIE OnpeeIeHH.

Oyukuus F(x) HasbBaercs nepeoobpasnoi (GpyHKIHMH [(X) HA IPOMEXKYTKE X", ecim byHK-
s HempepbiBHa Ha X U ['(x) = [(X) BO BCeX BHYTPEHHHX TOYKAX.

HeomnpeneneHusiM nHTErpaioM oT GpyHKIUK [(x) Ha mpomexyTke X Ha3bIBalOT, U 0003HAYA-
10T If(x) d X, MHOXECTBO BCEX EPBOOOPA3HEIX: If(x) dx=F(x)+ C (C = const).

3.2. CBoiicTBa HeoNpeaeJeHHOI0 HHTerpaJja.

Eciu dyskums [(x) umMmeer mepBooOpasHyrO Ha MPOMEXYTKe X, TO IS BHYTPEHHUX TOYEK
d
MPOMEKYTKA —— j f(x)dx = f(x).
dx

Ecnu pynkmus f(x) HempepsiBHa Ha mpoMmexyTke X u auddepeHnupyeMa B €ro BHYTPEHHHUX

TOYKaX, TO jdf(x) = f(x)+C.

Ecnu Gynkius f(x) wMeer mepBooOpasHyro Ha mpoMmexyTke X, a k — 9ucio, To st GyHK-
umn kf(x) cymectByer nepBoobpasHas u jkf (x)dx = kj f(x)dx.

Ecmn ¢ynkmmu  f(x) u  g(X) HMET mepBooOpasHyo Ha HMpOMEekyTke X, TO (yHKIHS
[(x) + g(x) Takxe UMeeT NEPBOOOPA3HYIO U J.[f(x) + g(x)]dx = J.f(x) dx + Ig(x) dx.
NMuaTerpupoBaHue mo vacTsaMm. Ecm dyakuun f(x) u g(x) Hempe-

PBIBHBI Ha TIpoMexyTke X, mupdepeHIupyeMbl B €10 BHYTPEHHUX TOYKAX M CYIIECTBYET MHTErPal
Ig(x) df(x), Tona X CylecTBYeT u MHTErpal If(x) dg(x) n

[F(x)dg(x) = [(x) g(x) - [ g(x) df(x).
NWHETerpupoBaHmUE HDOAZCTAaHOBKOH (3amMeHa nepe-
MeHHOIW). Ecmuobyukius f(z) ompenencHa u KMeET MEPBOOOPa3HYIO Ha MPOMEXYTKe Z, a

Gynkust 2 = g(x) HempepbiBHa Ha mpomexyTke X, muddepeHpyema B ero BHyTPEHHUX TOYKAX
u g(X)c Z, 1o pysxuus f(g(x)) - g'(x) umeer nmepBoobpasHyio Ha X u

[ et g0 dx = [ [(z) dz.

3.3. HexoTopble Heonpe/ieJeHHbIe HHTErPaJIbl OT 3JIeMEHTAPHBIX (PYHKIIUH.

o+l
Ixa dx = a 1 +C (o #-1); mocrosanyro C namee Be3se OMyCKaewm;
o+
X
J.axdx:a—; %211’1|X|()C¢0)
Ina X
Isinxdx=—cosx; Icosxdx:sinx;
J.tgxdx=—1n|cosx|; J.ctgxdlen|sinx|;
J.shxdx=chx; J.chxdx=shx;

") KoHEYHOM MITH 6ECKOHEYHOM
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I dx =—ctgx;

sin” x
I de = —cth x;
sh® x
I de 5 =larctgﬁ (a # 0);
X" +a a a

dx . X
I—zarcsm— (|x|<a);
N a
I fbc —In|tg=|;
sinx 2

Ithxdx = Inch x;

dx
sh x

=|n

)

thZ
9

)

Icthxdx = lr1|shx

jﬂ = 2arctge”.
ch x



4. HexkoTopble HeomnpeaeJeHHbIe HHTErPaJibl

4.1. UnTerpassl 0T pAMOHAJIBbHBIX (DYHKIMIA.

NWuTterpans, comepxamue X =ax+ b.

1

.Xn dx: Xn+l (ﬂ?’-'—l);
J a(n+1)

.%:llnp(;
X a

'x_dxzi_imm;
J X a a2

Bl
v X a“X a

')cdx:L2 -1 - b : (n#12):
XY at ((n-2)X" (n—-1HX""

L2 2

de 1A opx b inx]|:
J X Sl 2

o 2 2

e 1y opin|x) - 2.
b ox? a’ X

.2 2

e _ gy e 22,

x4 X ox?

L2 3 2
xdx:L3 | - 2b - b : (n#12.3):
¢ a’\ (n-3)X"" (n=2X" (n-1)X""
* dx 1, |X

— = ——In|—{;
J xX b |x

r dx | X| ax

=——|Inl~+—|;

) xX? b x| X

. n-l1 N

dx _ 1 IHE_Z }1_1( a).x (n>1);
xX" b" 2% B iX!

X

* dx | +a
J v2x bx b

[_dx —-a{L+ ! -lmﬁ]
N & b’X  ab’x b3 |x|]
. no el il
gfx _ 11 Zcrlz(a)—x'l+£_naln_ (n>2);
X" b = (-DX"” X X

39
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dx 1 m+n-2 Xm—i—l(_a)i
_ i
KMy pm+n—l Z(; m+n—2 (m—i-— l)xm—z—l ’
€CJIn m—i—-1= 0, TO COOTBCTCTBYIOH_[I/Iﬁ YWICH II0J 3HAKOM CYMMbI 3aMCHACTCA YJIICHOM
1, X
Cm+n 2( a)m lln_
X
Uurterpans, coagepxamue X=ax2+bx+c (A=4dac— b?)
2 2ax + b
—arctg——— (maa A > 0),
dx B \/X \/X
X 1 |2ax+b J=A]| A < 0)
|2ax+b+\/ |
(dx  2ax+0b +(2n—3)2aJ’ dx
IXT (n-1 )AX’H (n—DA J xr=l
'xdx l |X| dx
J X X’
'xdx__ bx+20 _b(2n—3)J’ dx
Jx" (n-pax"t (n-naJ xnl?
L2 2
X dx:ﬁ—Lln|X|+b QCLCJ‘%;
X a  2q° 24q° X
f x2dx 3 —X N c J‘dx _(n=2)b dex.
X" ©2n-3)aX"! @2n-3)ad x" (2n-3)a
fxdy X N (m—1)c J‘xm_de ~
X" @Cn-m-1aX*! @n-m-la X"
_ m—1
_ (n-m)b J‘x dx (m = 2n — 1)
2n-m-1)a X"
.XQH—IdX B l x2ﬂ—3dx 2]1 3dx 271 de
e (s e g s
e 1 e bopdx
xX 2 |X| 24 X’
(dx 1 b dx lJ’ dx
S Xt 2e(n-DXT 2 xn xx
cde b x| 1 [P dx.
T:_zl”_z__+ 02 .
S x°X 2 X cx | 27 X’
dx 1 _(2n+m—3)aJ‘ dx
JAMXT (m=Dex™ xn! (m—Dc J ym=2xn

(n+m-2)b dx
(m=1lc Jm-lyn

(m >1);



4.1. UHTET'PAJIBI OT PAIIMOHAJIbHBIX ®YHKIIUL.

MuTerpauns

X X
Yepes Y obGosmaueno arctg— s 3maka mwmoc, arth—

X
mpu | x|<a, arth=
a

, coaxcepixammuece

a

a+x
—In

X—aqa

X = a2 + x2,

a

=—In
2

41

| a+x

AJI 3HaKa MUHYC
a—x

JUTS 3HAKa MUHYC TIpH | X | > a. B cirydae n1BoitHOTO 3HaKa B

dopmyite BepxHuii 3HaK otHOCHTCA K X = a2 + x2, mwxHumii 3Hak — Kk X = a2 — x2.

MuaTterpamns,

e _ 1,
J X a
r dx X 2n—-1dx
T5. 2,0 " QJ. g
XM 9naX 2na” 4 X
.de:illﬂp(;
X 2
r xdx 1 | (n = 0):
J Xﬂ+1 QﬂXﬂ
2
r x“d
.xXx:ixiaY;
L2
xd)c:J_r X iiﬂ (n%0):
J Xﬂ+1 2nxﬂ 2,1 Xfl
I 2 2
AT ]
J X 2 2
L3 2
Sd_ @ L
J x2 02X 2
c dx | a2
T == — p (n>1).
Joxnt 2(n-1)X 2nX

cCoaepXallue

X

as + x3.

B caydae nBoliHOro 3Haka B

dbopmyne BepxHuii 3HaK oTHOCHTCA K X = a2 + x5, Hmwkumii sHak —k X = a3 — x3.

L2
X dx = J_rlln|X
J X 3

2

fdx I (a £ x)°
— == In + arctg
b X 6a° ‘aziax+x2‘ a*3
rdx  x N 3 [dx.
Y X% 3a%X  3a3Y X
cvdr | ‘a2$ax+x2‘
——=—In g— + arctg
fxdx X N I xdx
JX? 3a°X 3aY X

2xFa

a3
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x2dx__ 1
3
d
xXx:ixia?’
Sdx _ox 1
2 — 7T By
X 3X 3

NMuTerpans,

[11.4. HEKOTOPBIE HEOIIPEAEJIEHHBIE MHTEI'PAJIbI

conepxamue X=a*+ xt

MNuTerpans,

dx 1 |x +am/§+a2| 1 rot ax~/2 .
ot it 4613\/_ |x —ax 2+a2| 2a3\/— gaQ—xQ’
xdx 1 I
Jat vt ) 2a° arctg—Q;
- xldx 3 1 x2+ax 2+a2| ax\/_
Jat ot 461\/_ 2 —ax 2+a2| Qa\/_ a —x2
jfgdx4 :lln(a4+x4).
Yat+x

conepxamue X=a%— xt

dx 1 n a+x| arctgx-
Jat —xt 448 a—x| 24° a’
xdx 1 In a2+x2|.
Jat x4 4a3 a2 —x2
xde | a+x | X
VR =—1In ——arctg—;
ot —x 4a |la-x| 2a a
3
xdx |
1 1 :——ln‘a4—x4‘.
Yat —x

4.2. UaTerpajbl OT HPPAUMOHAJbHBIX QYHKIUIA.

MuTterpans BuUAga I

rdx  2x

Ja |, N+ VB3|

Ja+bx b
'\/;dx_ 2\/7
Ja-bx

Jx dx

b\/_
+x/x

a—bx|

2m -5 Jx dx

Yatbx)"  (m-

+
Da(a+bx)™" 2a(m—-1)7 (q +bx)™!

tn+1/2
w (mpu a>0, b>0, n=0,1,2,...;
(a+bx)"
—Qﬁarctg bx.
b a’

m=1,2,3, ..

).
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'x\/;dx:_6ax/;—2bx\/_ 2a° bx

Ja+bx 3p2 bQ\[__

'Xx/;dx__(ﬁa\/;+2bx\/_ a\/_ |\/E+\/E

Ja-bx TN |f—m

¢ xJxdx . xJx J‘ Jx dx (m > 2):

Yatb)  (m —1)(a+bx)m1 —1 (a+bxm1

'x”\/;dx:%/;z”: (l)kknk ! J, 5.

Joatbx P 0(2n—2k+1)(ib)k+1 b)”“ Jx( a+bx)

¥ dx

~\/;(a+bx) \/_barctg

¥ dx |\/E+\/E|

~\/;(a—bx) —bx|’

¥ dx \/; bx

| Fao? " awri s

(dx 1 |\/E+M|

S x(a-bx)? ala-bx) QaJ__ bx|

c dx Wk @2m- 3)bJ‘ Jx dx

I x@+bx)™  afa+bx)™ T (a £ bx)"
MatTerpans BHUIA J.\/ajizj) (mpu n=0,1,2,...; m=1,3,5,...).

r dx 2

~\/a+bngm;

* xdx a+bx+ a }

.W \/W m-4 m-2

2 dx (a+bx)2+2a(a+bx)_ a’ J

(a+bx)™ \/a+bx m—6 m—4 m-2)

{ (a+bx) L Sala+bn® 3a’@+by) o’ }

m—06 m—4 m—2

T:ﬂ'

(a+bx)" \/a+bx)m =

xdx Z D*Ck(a + bx)"*a*

(Cl+bx> bﬂ-i—l ’a_i_bx =0 27’[ 2k —m + 2 ’

T .
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|\/a+bx \/—| 0> 0)
J‘ |\/a+bx+\/_| ’
* a+bx Larctgﬂ (a < 0);
T ’
( dx dx
xaf(a + bx)™ (m 2) \/a+bxm2 J‘x\/(a+bx)m_2
. dx ___ANa+bx _(2n—3)bJ’ dx (n>2):
Y x"a + bx (n-Dax"1 2n-Nad x* o +ox -
( dx | mb
T YW@+ b0 (n=Dx" @+ bx)" J \/a+bx me+2

-2

(m - 2) b + bxyn2 (M- ij ”+1«/a+bx
Murterpans BHUIA in”\/(a+bx)m dx (mpu n=0,1,2,...; m=1,3,5,..).

J-\/a+bx dx = Va+bxm+2

(m+2)b
m+4 m+2
J‘ /a+bx) dx— \/a+bx \/a+bx
m+4 m+ 2
c 9 - \/ a+bx)™*0 \/(a+bx)m+4 a’+( a+bx)er2
x“4/(a + bx) dx-
J m+6 m+4 m+ 2
o\(a + bx)™*? *Ck(a + bx)"*a*
TJa+bx)" dx = :
(@ r by == ;‘) 2 -k +m+2
Na+bx - \/—|
2\/a+bx+\/51 | a > 0),
J'\/a+bxdx_ |\/a+bx+x/_| )
X 2a Na+bx
2\Ja + bx + —arctg—=—=— (a < 0);
\N—a \N=-a

X3

. m m/2 m/2—l
V(a+bx) dy — 2(a+bx J'(a+bx J
. X
'\/(a+bx)m A a+bx me+2 me‘\/ (a+bx)"

2
. X
'\/a+bxd \/a+bx (5 Qn)bJ‘x/a+bx

x" ~ax" -1)

(n>2);
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J‘\/(a+bx)m \/a+bxm+2 b(m —2n + 4) J‘\/a+bx
xfl

(n— l)a)c”1 2a(n —1)

45

UuTerpanse BUIA .[Xiﬂ\/(a+bx)in(c+fx)imdx (A=af-bc#0, n=1,3,5,...;
m=1,3,5,...).

—1 Aresin 2bfx + af + bc (b] < 0),
NEJi A
dx

] 2
‘[\/(a+bx)(c+fx) ) \/ﬁm‘\/bﬂamxﬂb\/“rfx‘ (b > 0),

2 - :
\/—_bf arctg bt 0 (b>0,[<0)

| dx ___ 2 { \/+—b )
\/ (@+bxc+fom  Am=2)|\(c+f0)">

J‘ dx (m > 3);
J@@+bxc + fx)"?
Maxboferjn) | A o 2bfx+af+be
I atbx . _ / +2f\/—_bfarcsm A e
c+fx \/(a+b);)(0+fx) ffln‘\/bfa+bX)+b\/c+fx‘ (bf > 0);
¢ [(a+bx)" dx_Q\/(a+bx)”(C+fX)_ nA (a+bx)”_2d
W erix B (n+1)] (n+1)f c+]x
| a+bx 2 a+bx
- > 3);
(c+ o)™ : fm =2)\ (¢ + fx)"~ = J(m—2) J.\/be (c+[0)"™" (m |
] - \/(a+bxn+20+/rx (a+bx)
.\/(a+bX) (c+]x)dx = b(n + 3) n+3 J‘\/:

I/IHTerpaJ'IbI BHOa

dx
'[ (>0, b>0, n=0,1,2,...; m=1,3,5,...).
\/(a2+b2 2\m

j :—lnbx+\/a +b2x2) ‘
Ja? +b2 2

_ 1 (m3)/2( )C<k 3)/2

kaXQk-i-l
j Ja®+ b2x2)m A" T @I + )

m > 3);
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¥ xdx 1 2 9 9
—_— b :
2, 22 b
xdx 1

== (m > 3);
. \/(a2+b2x2)m (m_Q)bQ\/(a2+b2x2)m—2

x2dx 3 x\/a2 + b2 a2

- In

I + 0242 2b° 26°

x2dx X |
= - —1In

RN

bx +\a? + b2x?

bx +Va +b2 2

dx
Nuaterpans BHUIaA I (a>0,6>0,n=1,2,3,...; m=1,3,5,...).

J‘ dx lln‘a+\/a2+b2x2‘
a
|

x\/ a® + b2x?

J‘ dx
)c\/(a2 e k

. (m_Qk)QQk\/(QQ +b2x2)m—2k

| Jas 2]

= YY)
"

dx -1 C(m o , b2k 2k

' xQ\/(a2+b2x2) " = Qk—l\/(a b2y 2k

dx __\/a + b2y N b? n‘a+\/a + by 2‘
) |

b

3 b2 2 2025 2¢° bx
dx _ 1 B
o )CS\/(CZQ +b2x2)m (m—2)b2x4\/(a2 +b2x2)m—2
B 4 . J‘ dx (m > 3)
(m—2)b x5\/(a2 T

Murterpans BUIA jxin\/(a2+b2x2)m dx (@a>0,b>0,n=0,1,2,...;m=13,5,..).

bx+\/a R

+—1In
2 2b

J‘ /ag 022 de = x\/a2 + 22 P
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\/(a2 N b2x2)m

[ (a2 + 022)™ dx =
J m+1

2

+ 2 (@ + 67"

m +

dx =\a® + b°x> -

- 2 2 2\m+2
x\/(a2 +b2x2)m dx = \/(a th7x )2 :
(m+2)b
- 2 2 2\m+2 2
xQ\/(a2+b2x2)m di = x\/(a +b x2) B a 2j\/(aszbeQ)m dx:
: (m+3)b (m +3)b
. n—1 2 2 2\m+2
i + By dy = Ja +bx; Qa(n 2 (a2 + b2y
¢ (m+n+1)b b*(m+n+1)

r \/a2 + b2x2

X

.\/( + b2 2

J X
'\/a2+b2x2d
S

e +b2 2ym

_\/a2 +l92x2
X
.\/(a2+b2x2)m

dx _ _\/(QQ + b2x2)m
X2 X

+bln

HuTerpans BuUAA jxin\/(aQ—bQXQ)mdx (a>0,b>0,n=0,1,2,...;

x\Na 2_p*x? g2

x2 a2 - b2x2 dx =

aln a+a’ +b2x2‘_
bx ’

2 2\m-2
b x”) dx:

I\/a+

bx +

a+b22

+ meJ.\/(CZQ + 0222 dx .

m=1,3,5,...).

2
L ma _[ J@ -2 2 dx  (m > 3);
m+1

a® — b2 dx = +—arcsin—x;
2 2b a

.\/(a2—b2x2)m dx:L\/(QQ—bQXQ)m
J m+1

. 2,223

waZ - b2 dx = - (a l;x) ;
J 3b

.x\/(a2 _ngg)m dxz—‘/(a2 _b2x2)m+3 |
. (m +2)b°

4

2.3 2
26°x° —a“x a . bx
8—2\/a2—b2x2 + ——arecsin—;
b

x\/(a2 B b2x2)m+2

8b3 a

I\/(“ 22y

: |

[ 2 2 2 2
.x\/(a 022" dx = - e 35 m+3b2
2 22 [2 929
a® —b“x Ay — /az—b2x2—aln‘a+ ab b-x ‘;
X
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. 2 2 2 2
Jia? o2y =L@y Ma S
'\/a —b2 2 \/a —b2x2 b . bx
————— —barcsin—;
J a

ie? 222 dx = a j\/ b22 - 0 [ia? - 02?2 ax.

X

n
MuaTerpans BUOA I X dx (a>0,b6>0,n=0,1,2,..;,m=1,3,5,...).
\/(QQ_bQXQ)m
dx 1 . bx
= —arcsin—;
a2 - b2 b a
-3)/2 k 2k 2k+1
dx = e

= Z (=) (m > 3);

o \/(QQ _ b2x2)m am_l =0 (Qk + 1) \/(QQ _ b2x2)2k+l

xdx \/a2 — b2x?

a2 — 22 - b2

3

xdx 3 |

J \/(02 _b2x2)m (m _2 b2\/ 2 _ b2x2)m—2 ’

2dx xNa 2 _p2y? a2

. bx
=— 3 + —arcsin—;
22— 22 2% 2h a
< = al —Larcsinb—x-
e /a2 22 b a
2dx o (m=>5)/ C( . /2b2/ax2/a+3 o5
Ja2 -2 a7 S @k s - ) |
dx X" Wa? - ?’x* n —IJ' ) 222 4y
\/a —b2y? b b
2k+1 k
dx 1 tedt ‘o xg) ’
x"dx B P ~
n-2
n-1 X" “dx m > 3
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4.2. UIHTET'PAJIBI OT UPPALIMOHAJIbHBIX ®YHKIIUI.

dx
Ixn\/QQ_bQXQm

‘a+\/a —b2x2
77— W ‘

(m-1)/2

3 1

J.X\/(CZQ _b2x2)m B el (m-Qk)Cle\/(QQ _b2x2)m—2k -

| n‘a+\/a2 e

b

dx a2 - b2x2

- D)
xQ\/aQ - b2x2 ax
p2k 2k

b

(m—1)/2 k
J - 2 (m>3).
2\/(a b2 2ym am+1 P (Qk_l)\/(a2 _ p2y2)2k

HuaTerpans BHUAA jxi”\/(bQXQ—aQ)im dx (a>0,b>0,n=0,1,2,...;m=1,3,5,..

.L:lln bx+\/b2x2—a2 ;
. /b2x2_a2
p(m=1/2 (me 32 (_1 p2k  2k-+1
QQdXQ -C )ml . ) 2)/2 2\2k+1 (m > 3);
N (o o P (2k+1)\/(bx g2kt
xdx _ 1 .
. \/(beQ —a2)y" (m_Q)bQ\/(bQXQ a2y
. 2 [(2. 2 9 2
SSCEIES LR e T N el
J /b2x2_a2 2b 2b
2
xdx = — al +L31n bx+\/b2x2—a2;
2 1)(m= 3)/2 (m 52 (4 Ck ka 2k+3
x“dx (=) (=1 5)/2 (m>5):

J \/(b2x2 _a2)m am 3 =0 (2k+3 \/(bQXQ _a2)2/€+3

a2 dx;

+ xdx NP - 6P n —IJ‘xn—Q 2,2 _
I 22 _ 2 b2 b2

dx ¥ X" 2dx

(22 — )" - bQ(m 2\/(192 2 _ 2ym2 bQ(m 9) .[\/(bQ pENT

49

(a>0,6>0,n=0,1,2,....m=1,3,5,...).

).
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* dx |
= —arccos|—
X\/beQ —a? bx

* dx 3 \/b2x2 —a? .
- 5 :

222 _ 2 2y

* dx

1
o xﬂ\/(b2x2 _a2)m (m_Q)b2xﬂ+l\/(b2x2 _a2)m—2

n+1 dx
>
. 292 2 9
b2x? —a? dx be a —g—blnbx+\/b2x2—a2;
2.2 2 22 maQ 2.2 2\m-2
[ (6% - a le m————ijx —a®)"2 dy;
J Com+

1 [ 22 >
1022 — )" d = D L N (n-1)a* J‘ 2 22

J (m+n+1)b2 (m+n+1)b°
C[2.2 2
udx — Vb%x% —a? —aarccos b_
J X X
. 2.2 2 2 2 2
Vs - _ j‘/b dx+bf‘/b * i
J X

4.3. UaTerpaspl OT TPUTOHOMETPHYECKUX (PYHKIUH.

Nuaterpane, copmepxamue cunyc (n=>0-—muenoe, a>0— aeiicTBUTeIbHOER).

. . n-1 _
sin qxdy = -2 ArXeosax  n 1J‘sin”_2 axdx (n>0);
. na n
. n
K"sinaxdx = -2 cosax +£J~x”_1 cosaxdx (n>0);
A a a
[sinax (ax)® N (ax)® ~ (ax)’ L i (=DF(ax)?+t
J 7% 3.3 5.5 7.7 L2k +1)- 2k + 1)1
fsinax dy — — 1 sin ax . J‘cosax
o xﬂ ﬂ—l xﬂ_l _1
[ dx 1 cosax dx
Jsin"ax  an-Dsin"lax n —1 sin" 2 ax’
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,f xdx 1 (ax)>  7(ax)® 3l(ax)’ 127(ax)’
=—|ax+ + + + +
3.3 3.5-5! 3.7-71 3.5-9

sinax g2

wl? (ax)®™*! + (B, —uncna beprymm);
2n+1)1 " " ’
xdx X 1 .
J. — =——ctgax+—21n|smax;
sin” ax a a
J‘ xdx xcosax B 1 N
sin” ax (n-Dasin"ax (n-1)n-2)a’sin" 2 ax
n—2 xdx
+ (n>2)
n—1Jdsin" 2 ax
[ dx _—lt (E—%j.
J1lxsinax +ag 4+2 ’
* xdx X (n a j 2 T ax
—— =—-—tg|——— |+—=In|cos| = ——|;
J1l+sinax a 4 2 a2 4 2
C xdx X (n ax) 2 . (n axj
— =—ctg| ——— |+ = In|sin| ———|;
J1-sinax a 4 2 ) 42 4 2
Fsinaxdx 1 (n_axj
+=ix+—’[g — 4+ —,
J1lxsinax a 4 2
* dx | T ax ax
- . =—tg|—F— |+—Injtg—;
Jsinax(ltsinax) a 4 2 2
'L:_Ltg(z_%j_ggs(z_%j;
o (1+Sil’1£l)€)2 2a 4 2 ba 4 2
y dx 1 (n axj 1 3(n axj
— —=—ctg|——— |+ —ctg”’ | ——— |;
-(l—sinax)2 2a 4 2 6a 4 2
* sinaxdx 1 (n ax} 1 3(75 axj
SIMAXEY g TGN, Lt T4,
o (1+Sinax)2 2a 4 2 ba 4 2
* sinaxdx 1 T ax 1 3(m  ax
——=——octg| ——— |+ —ctg”’ | ——— |;
J (l_sinax)Q 2a 4 2 ba 4 2
y dx 1 3sin® ax — 1 1
= arcsin = arctg(x@tgax);

Jitsinfax  22a ( sin? ax + 1 J a2
. dx _I dx —ltgax-
J1—sin®ax cosZax a ’
.sinaxsinbxdx= sin(a=b)x _ sin(a+b)x (|a|¢|b );
J 2(a - b) 2(a + D)

51
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9 btg—+c 5 o
—arctg——=—— (b > c°),
dx aNb? — ¢ NI
b+csinax 5 ‘btg+c— /2 _bQ‘
In b <c)
ave® - b” btg+c+vc-#‘
sinaxdx _x_ b dx
b+ csinax b+csmax
dx 1 ax| ¢ dx
; ; =—Inftg—-— | ———;
sinax(b+csinax) ab 21 b b+csmax
dx 3 ccosax dx
(b +csin ax)2 a(b2 - 02)(b + csinax) b2 b+csinax’
sinaxdx bcosax c dx

+ ;
(b+csinax)®  a(c® —b%)b+csinax) ¢ -b>J b+cesinax

= arctg

v+ c?sin?ax gpp? 4+ o2
dx 3 1 arctg\/bQ —02 tgax

b2 —c?sin®ax g2 — o2
1 ‘\/c e tgax+b‘

:2ab ? - ‘\/c o tgax — b‘

(b>0);

dx 1 o + 2 tgax
b

(b% > 2, b>0),

b < %, b > 0y

I/IHTerpaan, coagepxxamume KOCHUHYC.

n-1 .
cos" axsinax n-1 _
cosaxdx = + jcos” 2 axdx:
na n

x"sinax n

x" cosaxdx = —Ix”_l sinaxdx;
a

a
- 2 4
COSAY gy = In(ax) - (ax) + (ax) (ax) ... =In(ax) + Z
X 2.2 4.4! 6. 6‘ Qk
F cosax cosax smax
X == J (n#l);
x" (n—1)x n—1
c dx (n axj
=Isecaxdx=—ln —+— || =
cosax a 4 2
* dx | sinax n—2 dx
= + (n>1);

cos"ax a(n—=1)cos" Tax n-1Jdcos"2ax
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j xdx 1 ((ax)Q N (ax)* N 5 (ax)° N 61(ax)® N 1385 (ax)!’ N

cosax 2| 2 4-21 6-41 8.6 10- 81

En (ax)2ﬂ+2
21 +2) - (2n)!

+ ] (E,, —uucna Diinepa);

xdx X |
J. 5 =—tgax+—21n|cosax;
cos“ax a a
J‘ xdx xsinax B | N
cosax (n-Dacos"tax (n-1)(n-2)a®cos"?ax
=2 “l;‘ (n > 2);
n—=1J cos"*ax
* dx 1, ax
-t
J1+cosax a 2
+ dx | ax
— =——ctg—;
J1-cosax a 2
+ xdx X, ax 2 ax
—— =—tg—+ —Injcos—|;
J1+cosax a 2 42 2
+ xdx X ax 2 . ax
— = —-—ctg—+ —<In|sin—;
J1-cosax a 2 42 2
fcosaxdx 1, ax
— =x—-—tg—;
J1+cosax a 2
fcosaxdx | ax
— =—x-——ctg—;
J1-cosax a 2
* dx | T ax 1, ax
=—Injtg| —+—=— |- —tg—;
Jcosax(l+cosax) a 4 2 a ~ 2
* dx | T ax | ax
=—Injtg| —+— | ——ctg—;
Jcosax(l—cosax) a 4 2 a 2
[ dx 5 :Ltg% Lt 3%;
Y (I +cosax) 20 ~ 2 6a 2
'%:_Lctg%_L {o? 9%
v (I—COSCZX) 2(1 2 6a 2
* cosaxdx 1 ax | |, 3ax
5 o 8518 0
Y (I +cosax) 20 ~ 2 6a 2
* cosaxdx 1 ax 1 3 ax
— 5 =5 ctg - ——ctg" —;
v (I—COSCZX) QCZ 2 661 2
[ dx 1 Arcsin I -3cos® ax .
Jitcosfax 2424 1 +cosZax )
¥ dx dx |
5 =I — — = ——ctgax;
Y 1-cos“ax sin“ ax a
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.Cosaxcosbxa’x:Sm(a_b)x+sm(a+b)x (|a|¢
J 2(a-Db) 2(a+0)
. (b—C)tgf
dx - 2 arctg ————=— (b2 > 02),
J b+ ccosax /b2_02 /b _ 2
(c - b)tg &5 + e = b
L 2 (b* < c?);
¢* =0 (c—b)th;x—\/cQ—bQ
f cosaxdx _x b dx
Jb+ccosax b+ccosax
¥ dx 1 (n axj c dx
=—Injtg| —+— || -—— | ———
Jcosax(b+ccosax) ab 4 2 b b+ccosax
( dx B csinax B dx _
J(b+ccosax)’  a(c® - b%)b+ccosax) ¢ —b2 b+ccosax’
[ cosaxdx bsinax dx
J (b+ccosax)2 a(b2 —02)(b+ccosax) b2 b+ccosax’
[ dx 1 g MY L),

2 2 2 -
b + ¢ cos”ax ab\/b2+02 N

( dx btgax

tog ot

J b2 —?cos®ax ab«/b 2 7 4T gw/ b2 — o2
1 ‘btgax—\/c —bQ‘
ab\/c —b2 ‘btgax+\/c —bQ‘

MWuatTerpans, coaepxXamue CUHYC U KOCHUHYC.

b* > 2, b > 0),

<, b>0);

* sinxdx _
Ja+bcosx b
sinxdx |
n n-1 (ﬂ>2);
Y (a+bcosx) (n—1)b(a+bcosx)
* sinxdx l+cosx
= In|———;
J cosx(l£cosx) CoS X
. smxd).c _ 1. illn tg(£+£j;
Jcosx(l+siny) 2(l+sinx) 2 4 2
* sinxdx _ | In |a+bcosx| (ad —be % 0):
J(a+bcosx)(c+dcosx) ad-bc |c+dcosx|
.mdx:—iln|a+bcosx|+cj‘ dx ;
Ja+bcosx b a+bcosx
* cosxdx |
——————=—1In
Ja+bsinx
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*+ cosxdx l

= - 1 (ﬂ>2)9

J (a+bsinx)" (n—1)b(a+bsinx)*"
* cosxdx _in | sinx |
J sinx(l +£sinx) |1+smx|
+ cosxdx 1

_ =— —ln tg
J sinx(l £ cosx) 2(l+cosx) 2 20’
C 'cosxdx | _ 1 |c+dsmx| (ad — be % 0):
J(a+bsinx)c+dsinx) ad-bc |a+bsmx|
.—C+dC(_)5xdx=£ln|a+bsinx|+cj‘—dx' :
Ja+bsinx b a+bsinx
. . ax =+ ! +lln tgﬁ;
Jsinx(l £ cosx) 2(1+cosx) 2 2
* dx _ | X

_ =F —lrl tg| —

J cosx(l £sinx) 2(1+tcosx) 2 4 2
¥ dx 1 X w

— = —Injtg| =+ —|;
Jsinx+tcosx 2 g(? 8)
y dx 1 X+ arccos

- = lrl a2+b2 R

Jacosx+bsinx 2 L p? g 5 |
. dx =I dx-¢) (a =pcose, b =psing);
J (acosx + bsinx)" [pCOS(x—(p)]ﬂ
' 9 inllsted
J1+cosx+tsinx 2
[ dx —J ! (t—x+arct é)
Ja+bcosx+csinx a+vb% + % sint gc ’
) dx :I d(x - 9) (b=pcoso, c =psing);
J(a+bcosx+csinx)” |:a+pcos(x—(p):|n
* sinxdx x 1

——————=—"F—In
Jsinx+tcosx 2 2
* cosxdx =i£+ll
Jsinx tcosx 2 2
¥ dx 1 b

=—arctg(—tng a>0,b>0);

Ja?cos® x+b%sin®x  a ( )
( dx |btgx+a|
J 2o x—p2sin?x Qab |b’[gx al’
[ 51n2xcosxdx2 = 1 1r1‘0¢c052x+bsir12 x‘ (a#0b).
Jacos® x+bsinx  2(b-a)

Muarterpans, copaepxXalmume TAaHTEHC U KOTAaHTEHC.
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.ctgxdx = In|sinx

[11.4. HEKOTOPBIE HEOIIPEAEJIEHHBIE MHTEI'PAJIbI

.tgxdx = —In|cos x|;

- n-1

tg”xdx:tg lx—jtg”_Qxdx (n>2);
’/l_

5

. n-1
ctg”xdx=—Ctg 1X_ICtgn_2xdx (n>2);
7 -
[ dx :J_r£+lln|sinxicos)C;
tgx+1 2 2
fdx 21 ~(bInja+btg x|+ blnjcos x| + ax);
a+btgx a“+b
(tgxdx :£111n|sinxicosx;
tgx+l 2 2
[ tgwdx _ 21 5 (bx —alnjacos x + bsin x]);
a+btgx a“+b
* dx x 1 .
———— =~ +—sin2x;
l1+tg” x
. dx 1 b b 2 2
- X —|—|arctg| |[—|tg x a” # b7 );
a® + 0% tg? x aQ—bQ{ ‘a g(‘a‘ ¥ ﬂ ( )
. dx 1 b, la+btgx
o’ -b*tg*x a®+b 2a |la-btgx
 tgxdx __c052x.
1+tg2x 2
¢ tgxdx ln(c052x+asin2x) 9
T = 5 (a ;tl);
l+atg”x 2(@ —1)
'szillrﬂsinxicosx;
ctgxtl 2 2
'M:i£+_1n|smxicosx;
ctgx £1 2 2
[ ctgxdx _J‘ dx
a+betgx atgx+b’
. dx x 1 .
———— =+~ ——sin2x;
l+ctg”x 2
. dx 1 b b 2 2
_ x —|—arctg| —|Hctgx a” #b”);
a® +b% ctg® x aQ—bQ{ a g( ‘a s H ( )
. dx R bl a-betgx|)
P to?r 212\ 20 Matbetexl)
a” —b ctg®x a”+b a la+bcigx
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f ctgxdx  sinx

Jltctg?x 2
( ctgxdx 1 J‘ toxdx

2 2 T 92 I ’
Jl1+a”ctgx a 1+a7tg2x
ftgxdx _x 1, [sinx+cosx]|
texdx X 1, :
Jltctgx 2 2 | cos’x
[_tgxdr | arccos b_acosx :
'\/a+btg2x Vb-a Vo ’
- ad B30 28T 174750 92n (22n _ l)Bn 21, 2n+l
xtgaxdx = + + + +...+ ,
. 3 15 105 2835 2n+1)!

(B, —uncna beprymm);
3 5 7 22/1 22n_1 B (ax 2n-1

[leosds (@) 200 w7l | 27 0T

X 9 75 2205 (2n—-1)(2n)!

(B, —uncna beprymmn);
3 3.5 2n 2n-1_2n+l1
J‘xctgaxdxzﬁ—%—ﬁ—...—Q Bya” x , (B, —4ncna Bepuymm);
a9 2% 2n+ 1)1

J'ctg axdx 1 ax (ax)’ ~ 2(ax)’ o 22" B (ax)"

X ax 3 135 4725 7 @2a-1(@2n)!

(B, —uncna bepryim).

4.4. UuTerpaJnl, cofep:Kaiiue nMoKa3aTeJbHy0 QyHKIIHIO.

[ 1

e dx = —e;
J a
'xneaxdx:lxneax _fjxn—leaxdx;
J a a
ax 9 3 o k
© dx=Inx+-X +(ax) +(ax) +...:lnx+2(ax) ;
J x -1 2.21 3.3 p k-k!
o AX ax ax
¢ gx-—|_° +aJ.e—dx (n#1);
J xn n—1 xn—l xrz—l
 dx | e
=—In ;
1+ a 1+
* dx x 1 ax
=———ln(b+ce );
db+ce™ b a
Py ax
e dx :Lln(b+ce‘”);
Jb+ce™ ac
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ax
* e Inx
e“lnxdx = :
a
ax
Ysinbxdx = (asinbx —bcosbyx);
2 2
a“+b
. ax
e cosbxdx = (acosbx+bsinbx);
2 .2
a“+b
ax .. n-l1
( . e sin” T x . nin-1 . ne
eaxsm”xdx=ﬁ(asmx—ncosx)+ g Q)Ie“sm” 2 xdx;
a“+n +n
ax n-l1
¥ e cos" x . n(n-1 _
eaxcos”xdx:ﬁ(acosx+nsmx)+%je“cosﬂ 2 xdx;
a’+n +n
¥ xe*”
xe*sinbxdx = ﬁ(asin bx —bcosbx) -
J a“+b
eax 2 2
—W[(a -b )sinbx—Qabcosbx];
(a® +b7)

ax

xe
Ixeaxcosbxdx= SR

(acosbx —bsinbx) -
a“+b

eax

_m[(CZQ — b*)cosbx — 2absin bx]

4.5. UuTerpaJsl, cofep:kamiue JorapupmMuieckyro pyHKIuIo.

.(ln x)” dx = x(In x)ﬂ - nj(ln x)”_1 dx (n#-1);
. 2 3 ©
ﬂ:ln|lnx|+lnx+(lnx) +(lnx) +...=In|lnx| +
Jinx 2.91 3.3 -
[_dx __ J. (n#1);
J(nx)"  (n 1)( ’“ n=1J3 (Inx)" ’
[ Inxdx = ! Inx __ 1 5| (m=-1);
m+l (m+1)
m+1

m(lnx)”dxzx lnlx IJ (Inx)"" (m =1, n=-1);
J m + m +
. n n-1

(Inx) dx:(lnx) ;

X n+l
*lnx Inx |
DX = - m# 1
I xM (m—1)x X! (m —1)2 m-l1 ( )
. n
LT (N (L S

P B _
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c x"™ dx X m+1 x"dx
= - -+ — (n#1);
’ (lnx)n (n—l)(lnx)” n—1 (Inx)
dx = In|lnx|;
xIlnx
dx (n—l)Q(lnx) (11—1)3(lr1x)3
=In|lnx|-(n-1)Inx+ - .=
x"lnx 2.21 3.31
= (-1 11
:ln|lnx|+z[( )( )nx];
k-k!
k=1
dx 1 _ (n#1)
x(lnx)” (n—l)(lnx)n
dx | m—1 dx
= - -~ — (n;tl);
m(lnx)n xm_l(n—l)(lnx)” n—1J ym (lnx)ﬂ

[sininxdx = %(sinlnx—coslnx);

[ coslnxdx = g(sinlnx+coslnx);

e“Inxdx = le
[ 4 a

4.6. UnTerpaJsl, cogep:kamue oOpaTHbie TPUTOHOMeTPpHYeCKHe PyHKIIUM.

[ X . X /
arcsin—dx = xarcsin— + aQ —)C2 5

a a
* X x2 Cl2 X X [ 9 P)
xarcsin—dx =| — —— |arcsin—+—=va~ — x“ ;
J a a 4 a 4

3

( . X X Cox 1
x?arcsinZdx = —arcsm—+—(x2 + 2a2) a? - x2 ;
a a a 9

. " ) xd xﬂ+1 X fl+1dx
x"arcsin—dx = arcsin— —

J a n+l a n+1.[./a _y?

* 1 . X X I 1.3 x° |

—arcsin—dx = —+ — + —+

J x a a 2-3-3g% 2-4-5-54°5 2.4.
ko (9f —

OO x2k+1H(2z 1)

_X +Z =l 2
a a1 (2k +1)°

k=1

| X ‘a+\/a - X ‘
—arcsm dx———arcsm———l
a X a a ‘
X |
—arcsm—dx:——ﬂlarcsm + (n>2);
a (n—1)x a —1 ”l\/a
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arccos>dx = xarccos > —~a? — x2 ;
a a
2 2
xarccosZdx =| 2L arccos£—£\/a2—x2;
a a 4 a 4
3
X2 arccosﬁdx = x—arccosﬁ—l(XQ + 2a2) a® - x? ;
a 3 a 9
X" arccosXdy = " arccos > + J. ’Hldx
a n+l a n+1Jd g2 _ 2
| X T X 1 x 1.3 x°
—arccos—dx=—1n|x|—————————
X a 2 a 2-3-3g° 2-4-5.54°
ko
(2l 21—1)
7 gl
_&x__ :_ln|x|___z i=l
2.4.6-7-7 7 2k+1
a Pt (2k+l
1 X 1 x 1, a+va®—x>
—Qarccos—dx=——arccos—+—ln ;
X a X a a X
X |
—arccos—dx = ——larccos j
1 a (n—l)x” a n-1 ﬂl\/a
arctgfdxzxarctgﬁ—ﬂln(aQ+x2);
a a 2
X l/ o 9 ax
xarctg—dx =—(x" +a”|arct ———,
5 3 Jarctg =3
X% arct xdx ﬁarct £—£+£ln(x2+a2)
T
n+l n+1
x”arctgﬁdx: arctg—— J‘ dx (n#-1);
a n+1 a n+l x +a
1 x3 x5 0 k 2k+1
—arctg Yae=2_ x| <
a a 33a3 5.5-a° 7-7-d ZO: 22k+1 (1
1 X | x 1 X +a®
—Qarctg—dx=——arctg——2—ln 5
X a X a a X
| X | dx
—arctg—dx:——arctg + I (n#1);
x" a (n—l)x”1 n—1 (x +a2)

arcetg Ldx = xarcetg X +gln(x2 + a2);
a a 2

X 1/ 9 9 X ax
tg—dx =—(x"+ tg—+—;
xarcce ga X Q(x a )arcc ga 5
9 x3 X ax2 a3 9 2
x“arcctg — dx——arcctg +———ln(x +a )
a 3 a 6 6

):
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n+l n+1
J.x”arcctgfdx =2 arcctg + n+1.[ dx (n #-1);

a n+1 a 2+ a2
J-—arcctg—dx=—1n|x|——+ o —+ =
x a 2 a 3-3.a° 5.5-0° 7-7-a
k+1 2kt
m|x|+z o (<
2, 2
Larcctgﬁdx:—larcc‘[ngrLlnx +ta :
x2 a X 2a x2
Larcc‘[gﬁclx:_—llarcc‘[g—— J dx 5 (n#1).
X" ¢ (n=1)x" n-1 (x +a )

4.7. UnTerpaJipl, cogaep:xamme runepooanyeckue GyHKkumnu.

shaxdx = lchax;
J a

chaxdx = lshax;

L4 a
.chandx:Lshaxchax+£;
J 2a 2
[ 1 n 1 n—1 n-1 n=2
sh” axdx = —sh axchax——jsh axdx (n > 0),
J an n
- (l l)sh”+1axchax—n+fjsh”+2axdx (n<0,n=-1)
a(n - n+
n 1 n—1 n-1 n—2
J.ch axdx =—shaxch ax+—J‘ch axdx (n > 0),
an n
= ( 1 ) shaxch™! ax+n—+?.[ch”+2 axdx (n<0, n=#-1);
a(n+ n+
* dx | ‘
=—In
Jshax a
[_dx =garctge‘”
Jchax a

xshaxdx = lxchax—%shax;
o a a
r | |
xchaxdx = —xshax——gchax;
[~ a a

thaxdx = llncha)c;
J a

.cthaxdx = lln
L4 a

.thg axdx = x — thax;
J a
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.CthQ axdx = x — cthax;
a

[ shaxshbxdx = o (ashbxchax —bchbxshax) (@® # b%);
a J—

[ chaxchbxdx = 5 1 7 (ashaxchbx —bshbxchax) (a® = b%);
a J—

[ chaxshbxdx =2—l)2(ashaxshbx—bchbxchax) (@® = b°);
a —_

. 1 .
shaxsinaxdx = 2—(ch axsinax —shaxcosax);
a

) 1 )
chaxsinaxdx = 2—(sh axsinax —chaxcos ax);
a

| )
shaxcosaxdx = Q—(Ch axcosax +shaxsinax);
a

1 )
chaxcosaxdx = Q—(Sh axcosax +chaxsinax).
a
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5. OnpenesieHHbIH HHTEIPaJ

5.1. OcHOBHBIC OIpee/IeHHS.
Ecnu ¢yukims f(x) ompenenena Ha otpeske [a, b] u a = xy<x|<...<x,=b, 10 onpede-

JleHnbiM unmezpanom GyHKIUH f(X) Ha [a b] HasbIBaeTCs mpeae

lim Zf (1)

max Axl—>0
rie §; € [xl-,xl- +1], Ax; = X0 — X;. CI)yHKuHH [(x), s KOTOPBIX ATOT MpeAeN CyLIeCTBYET,

Ha3bIBAIOTCS UHMeZpupyemviMu Ha oTpeske [a, b].
b

OmnpeneneHHbI HHTETpai 0003HAYAETCS I f (x ) dx.

a

5.2. CBoiicTBa ONpe/ieICHHOr0 HHTerpaJia.
b
I dx=b-a.

2. Ecnu ¢pyskuus f(x) I/IHTerI/IpyeMa Ha [a b], o (I)yHKuI/I;I [(x) uHTEerpupyeMa u Ha OTpe3-

kax [a,c], [c,b] (a<c<b If dX—If dX+If

b
3. Ecnu gpynkums f(x) uarerpupyema Ha [a, b], To If(x) dx = —I f(x)dx

4. Ecu ¢ynxmms f(x) wHTerpmpyema Ha [a, b], To m dymxmms | f(x) | mHTerpmpyema Ha

b b
[a,b] u ‘ j f(x)dx| < j (x| dx .

5. Ecnm q)yHKuH;I J(x) HHTerpI/IpyeMa Ha [a, b], To u dyukuus kf(x) (kK = const) mHTETpH-

pyemaHa [a, b] u ka dx-kIf x)dx.

6. Ecin (1)yHKI_II/II/I f(x) n g(x) UHTErpUpyemMbl Ha [a, b], To u dyukimu [(x)+ g(x) u
b

b b
f(x) - g(x) unterpupyemsl Ha [a, b] u “f(x) +g(x)]dx = If(x) dx + Ig(x) dx.

a

7. Eciu dyukiuu f(x) u g(x) uaterpupyemsl Ha [a, b] u f(x) > (x) Ha [a, b], T

j J(x)dx > j g dx

[TlepBass TeopemMa o cpeauem. Ecwdyukyuu [(x) u g(x) unmeepu-
pyvemol ha [a, b], m < f(x) < M wueciu g(x) ne mensem snak na [a, b], mo cywecmeyem makoe
b b
yucno pel[m, M], umo J.f(x) g(x)dx = uJ. g(x)dx
a a
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Bropas Teopema o cpenannewm. Ecw ¢pynkyus [(x) nenpepviena, a
g(x) monomonna u uenpepwviéno oupgepenyupyema na [a, b], mo cywecmeyem maxoe uucio

g
tela, b], umo j [(x) g(x) dx = g(a) [ [(x)dx + g(b) [ [(x)dx
a g
dopmyna HerwTtoua-Jleii6uuma. Ecwu pynkyua [(x) onpedenena u

b
nenpepwisna na [a, b] u F'(x)= f(x), mo If(x) dx = F(b) - F(a) = F(x)| :

dopmyna 3aMeHBb nepemMeHHOI#. Ecmmdynkuus f(z) HenpepsiBHA
Ha [a, O], a dyHkumsa z = g(x) HerepHBHa U UMEeT HeMpephIBHYIO MPOU3BOIHYIO Ha [o; f];

a=gla) b=g(B). a< gx)< b, o jf dz—jf %)) g'(x) dx.

NuterpupoBanue nmo yacTsaM. Ecm dyakuun f(x) u g(x) Hempe-

PHIBHBI Ha [, b] BMeCTe CO CBOUMH IEPBLIMU HpOI/ISBOI[HI)IMI/I TO
j f(x) g'(x) dx = Ig

I/IHTerpanbﬂoe HepaBeHCTBO MUHKOBCKOTO. EcmupyHk-
mu f(x) m g(x)maTerpupyemsl Ha [a, b], 1 < p <+o0, TO

b Vp p 1 1/p
{J.|f(x)+g(x)|p dx} < {J.|f(x)|p dx} +{J.|g(x)|p dx} .

MurterpanbHoe HepaBeHcTBO [é€nbagepa. Ecmobyukuun f(x)

u g(x)murerpupyemsl Ha [a, b], 1 <p <400, —+— =1, 1O

P 4q

b 1/q

I/p b
Jlin gtofdx < {I |f<x>|pdx} {Hg(x)r’dx}

a

IMpu p = g = 2 wHepasencTBo ['€npaepa npeBpamaercs B HepaBeHCTBO Koy,

NMuTerpan ¢ mepeMEeHHBM BEPXHHUM NpPEAECETOM. Ecmu

¢Gyukums f(x) menpepwiBHa Ha [a, b], To pyHkumsa [(x) = _[f (t)dt wenpepwiBHa Ha [a, b].
a

Ecmu dyrxims [(x) wHTerpupyema Ha [a, b] u HempepbIBHA B TOUKE X € [a, b], TO (yHK-
ms F(x) = J.f(t )dt muddepenunpyema B Touke xo u F'(xg) = f(xg).
a

5.3. IIpuio:keHust onpeaeIeHHOT0 HHTerpaJa.

ONnuua kpwusoii. Ecmukpusas3anana byuakuuein y = f(x) (xe[xg, x1]), TO
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X
| = j J+ (7)Y dx.
X0

Ecnu xpuBas 3agana mapamerpuyecku: x = ¢(f), y = y(t), To

Ecnu kpuBas 3a1aHa B OJPHBIX KoopAnHaTax: p = p(@) (9o < ¢ < @), TO

¢
[ = jl \/p2 + p'2 de.
®0

[MMnomanes Tpanenuu. Eciudyakuus y = f(x) HeoTpHuATENbHA U HEMPEPHIB-

Ha HA [a, b], TO TUTOmIAAb KPUBOJIMHEHHON Tparenuu, orpaHndeHHoi oceto Ox, rpadukoMm QyHK-
b

K = f(x) MOpAMBIME X =@a ¥ X = b, BhIUMCIsgETCS 0 popmyne S = If(x) dx.
a

MMnomans cexkrtopa OAB, orpannueHHoro KpuBoir A B, 3aaHHON B TOJISIPHBIX

@1
koopauHatax: p = p(@) (pg < ¢ < @), upammycamu OA u OB: S = 1 _[ de(p.
2 ®0
OO0pemM Telna BpalmeHHUSs, NOIyYCHHOTO B pe3yJbTaTe BpPalEHUS BOKPYT OCU
OX KpUBOJIMHEHHOW Tparenuy, OrpaHunYCHHONW TPaMKOM HENpephIBHOW GyHKIMU y = f(x), mps-

b
MBIMA X=a B Xx=0b u oceio Ox: V = nIfQ(x)dx.
a

[Ilnomanp MOBEPXHOCTH BpalleHUSs, NOTYyICHHONH MPH BpalICHUH
BOKpyT ocu Ox KpHBO#A, 3a1aHHO# Ha [a, b] HenmpepbiBHO auddepeHnupyemoi Gpyukuuei y = f(x):

b
S = anf(x) 1+ ?(x)dx.

Ecnu kpuBas 3anaHa napamerpudecku: x = @(t), y =wy(t) (t€[ty, {1]), TO

KoopauunaTe meHTpa TAXKECTHU KpuUBOIMU, 3araBaeMoil QyHKIH-
eit y=f(x) (x€la, b]), c MUHEHHON MWIOTHOCTHIO O(X):

b b
Xy = % [800) el + [ (x) dx, gy = % j 8(x) W + 2 (x) dx,

b
rne M= _[5()() I+ /“2 (x) dx — nonnas macca.
a
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Koopranunarts LEeEHTpa TAXECTH KPUBOJIMUHEWHOHN
TpameimuHu CIOCTOTHHON MOBEPXHOCTHOM IIIOTHOCTBIO O(X, y) = 1, OrpaHUYEHHOH rpadu-
KOM HenpepsiBHO muddepenmupyemoit hyukiun 4y = f(x), oceto Ox M OPAMBIMA X =a U X = b:

1l 1 e
X = gjxf(x) dx, Yo = %I/‘ (x)dx,

rae S — miomaab KPUBOJIMHEHHON Tpareiuu.
MoMeHT MHepUHUHUHU OTHOCHUTEeAbHO ocu Oy KpuBoii, 3amaBacMoit
HernpepbIBHO auddepeHunpyeMoit pynkuueid y = f(x), ¢ IMHEHHOI IIOTHOCTBIO O(X):

b
2 2
ly:jS(x)x 1+ /2 (x)dx.
a
MoMeHnT HHCPpIOHUHU OTHOCHUHTCIBbHDO ocHu O_l/ KpHBOJ'IHH@fIHOfI

Tpareiu1, OrpaHHYCHHON TpadrKoM HempepsiBHO auddepenimpyemoir GyHkiuu 4y = f(x), OCbiO
Ox mnpsaMbeIMH X = a, X = b, ¢ IOCTOSHHOW MOBEPXHOCTHOM INIOTHOCTRIO &(X, )= 1:

b
I, = ij F(x)dx.

5.4. HexkoTopble onpeaejleHHbIe HHTErPaJibl.

Jr

[ o= gy = 3T (a > 0);
2a

o0

0
T o 2
e " cosbxdx = ﬂe_b/(4a ) (a>0);
J 2a
0
T xdx _n_2
X b
et -1 6
T xdx _n_2_
X b
e +1 12
i

e Inxdx =—y (y=0,5772156649 — nocmosnnas Diinepa—Mackeponu),

28 O¢

e Inxdx = —%(y+21n2);

28 O¢

2
e In? xdx = %{(y +21r12)2 +%};
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i sin® x T
5 dx = 5;
X
+<:O +00
sin(x)2 dx = J‘ Cos()c)2 dx = g;
loo —00
J.lnlnxdx =—;

0

I 9
jlnxdx:n—.
x—1 6
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6. HecoOcTBeHHbIE HHTETPAJIbI
U UHTErpaJibl, 3aBUCsIIUE OT MapaMeTpa

6.1. OcHOBHBIC ONpee/ICHHusI.
ITycte ¢pyukuus [(x) ompenenena Ha [a, b), —00 <a < b <+ 00, u HHTErpUpPyeMa Ha JTIOOOM
p b
[a, B], B<b; cymectByer npexen lim I [(x)dx. Dror npenen o6oznauaercs I [(x)dx w naswI-
B—b . .
BACTCSI HECOOCMBEHHIM UHMe2panom, a GYHKIMS [(X) Ha3pIBACTCS UHMEZPUPYEMOU 6 HeCOOCmEeH-

Hom cmblcie Ha [a, b).

b
Ecnu cymecTByeT KoHeuHbIH npenen lim Jf (x)dx, To mnTerpan If (x) dx naswBaroT cxo-
B—b
a a
OSUUMCSL, B TIDOTUBHOM CITy9a€ — PACXOOAUUMCH.
b

HecoOcTBeHHBIN HHTErpal J.f (x) dx waswiBaeTCst abCoMOMHO CXOOAUUMCSL, €CTTU CXOIUTCS UH-

b a
Terpai I|f(x)| dx.

Ecmu ¢yukius  f(x, y) ompeneneHa B 3aMKHYTOW OTpaHWYEHHOW 0O0JIacTH G= {(x, y):
v(y)

a<y<B; o) < x<y(y)}, To uarerpan Buga D(y) = [(x,y)dx mnaswBaeTca unmezpa-

o(y)

JIOM, 3asUuciauium om napamempa Y.

Hecobcmeennvim unmezcpaiom, 3a6UCAWYUM Oom napamenipa, Ha3blBaCTCA HECOOCTBEHHBIN MHTE-
b

rpan Buna O(y) = jf(x,y)dx, e —o<a<b<+ow,ayeV.
a
Ecnu st mo6oro yy €Y unrerpan ®(y,) cxoaurcs, To P(y) Has3biBaeTcs cxooawumcs g Y.

Ecmu unaTerpan ®(y) cxomurcst B Y u s moboro € >0 cymectByer Og < b Takoe, 4TO I
b

BceX O € (Og, b) m i Bcex y €Y BBINOIHACTCS HEPABCHCTBO j [(x,y)dx|< e, To ®(y) Ha3bI-
o

BACTCSI PABHOMEPHO CXO0AUWUMCA 8 Y .
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6.2. HecoOCTBeHHbIE MHTErPAJIbI.
b
Kpurepuit Komu. [ua cxooumocmu necobcmeenno2o unmeepana jf (x)dx

a

HeoOX00UMO U 00CMamoyHo, 4umoobwl 015 moboco € > 0 cywecmeosano maxoe b*(g), umo ons mo-

b”
obix b', b" > b* evinoananocy nepasencmeo If(x) dx|<e.
b!
IMMpusuwak cxoagumoctu Hdupuxmne. Ecwu dynkyus [(x) nenpepvisna

U umeem o2paHuyeHHyo nepeoobpasuyro F(x) npu x > a, a ¢yukyus g(x) nenpepvisHo Oughpe-
+00

penyupyema u yovieaem npu x > a u lim g(x) = 0, mo cxooumcsa unmezpan j f(x)g(x)dx.
X—>+00
a

HpI/I3HaKI/I CXO0OOUMOCTH HecoOCTBEHHBH X MHTCTDpPaAa-
+00 +o0

noB. EBem | f(x)|<F(x) mpu x >a nu I F(x)dx cxomurcs, To uHTErpan If(x) dx
a a

CXOOUuTCs a0COJIFOTHO.
+00 +00

Ecmu f(x) > 0 u f(x) = O(g(x)) npu x — 400, TO HHTETPAJIbI J. f(x)dx m J. g(x)dx
a a
CXOMISATCS WJIM PACXOIATCS OJHOBPEMEHHO.
+00
Ecmu f(x) = O(x™P) mpu x — +oo, To mHTerpan I f(x)dx cxomures, ecmu p > 1, u pac-
a

xoauTcs, ecnu p < 1.

6.3. UuTerpaJibl, 3aBUcAIle OT IapaMeTpa.

HenpepwBHOCTSG. Ecmdynkuus f(x, y) nenpepeisrana G, a ¢(y) u y(y)

v(y)
HENpPEPLIBHBI Ha [al, B], To Qpyukius D(y) = f(x,y)dx wnenpepwiBHa Ha [a, B] u
oY)
lim w(y)
v(y) Y40
lim I [(x,y)dx = J. lim f(x,y)dx.
Yy=490 i J=Y0
oY) lim o(y)
Y40
NAudbdbepennmupyemMmocTh (popmyna JleiiOuHUma). Ecimn

Gyukunu f(x, y) u HEIPEPBIBHBI HA G u ¢(Y), w(y) HenmpepbIBHBI BMECTE CO CBOMMHM

of(x,y)
oy

HEepBBIMU NMPOU3BOJAHBIMU Ha [0, ], TO MHTerpas, 3aBUCAIIMNA OT MapameTpa, UMeeT Ha [a, B] mpo-

v(y)

dy oy dy dy

W3BOJHYIO

o(y)
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Ecmu y(y) = b = const, ¢(y) = a = const, To uMeeT MeCTO popmyra Jlelibnuya

do(y) jaﬂx, 0,
dy oy '

a
MuarterpupoBaunue. Ecmupyukuun ¢(y) u y(y) HempepbiBHBI Ha [o, B] H
f(x, y) HenpepsIiBHA B G= {(x, ) a<y<P; o(y) <x < y(y)}, To mmeet mecto popmyna

j (y)dy = j jf(x )dx|dy = jj g dxdy.

al o(y)

6.4. HecoOcTBeHHbIE HHTETrPAJIbl, 3ABUCALLNE OT IapaMeTpa.
b
Kpurepuinh Komu. [Jua mozo, umobbr unmeepan D(y) = If(x, y)dx pasno-
a
MepHO cxoouncsi 8 Y, HeobOXo0uMo u 00Ccmamouro, umobwl 015 1106020 € >0 cywecmeosano maxkoe
dg < b, umo ona mobwvix §' € (8g, b) u 8" € (8¢, b) u 6cex y €Y svinornanroco nepasencmso
N
If(x,y)dx <Eg.

Kpurepuii Beliepmrpacca. Humeepan d)(y)z.[f(x,y)dx cxooumes

pasHomepno 6 Y, ecau cywecmeyem He 3a8uUcAwAs OmM napamempa lj HeompuyamenvHas GYHKYus

g(x), onpedenennas na [a, b) u unmeepupyemas (no Pumany) na mobom [a, d] (eoe de(a, b)) u
b

maxkas, umo | [(x, y)| < g(x), x € [a, b), y €Y, uunmeepan jg(x) dx cxooumcsi.

a
I[Tepexon x nmpeneny nmoja 3HAaKOM HHTeErpaima. Ecnn

byukmms f(x, y) onpenmenena ms moboro x € [a, b) (—o<a<b < +w) u y €Y, npu modom

y €Y wuenpepsiBHAa 0 X Ha [a, b), u ecnu mst moboro M € [a, b) Gyukuus f(x, y) paBHOMEPHO
b

Ha [a, ] crpemuTcs K QyHKIMU g(X) mpU Yy —> Yo ¥ MHTErpai I f(x,y)dx PpaBHOMEPHO CXO-

a

b b
murcsua Y, o lim f(x,y)dxzj' 1mfxydx—jg
Y=Y Y=o
a a
[TepecTaHnoBKa nmopsaakKa I/IHTerI/IpOBaHI/I}I. Ecnu ¢pynknms

f(x, y) onpenmenena m HempepbiBHa Ha {(X, y): a < x < b, ¢ < y<d} (0<a<b<+wo
b
—0<¢<d<+w) u If(x, y)dx paBHOMEPHO cXoAUTCA Ha oOoM [c, M], ¢ <1 < d, a uHTErpan

a
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d
j f(x,y)dx paBHOMepHO cxomutcd Ha [a, ], a <& < b wu cymecTByeT OAMH M3 JBYX IOBTOPHBIX

[4

d b b d
MHTETPaJIOB Idyj |f(x, y)| dx, Idxj |f(x, y)| dy , TO CyLIEeCTBYET U IPYTrOM U UMEET MECTO PaBEH-

c a a c

d b b d
CTBO Ia’yﬂf(x, y)| dx = Ia’xﬂf(x, y)| dy.

AudpdbepeHnnupoBaHUE MHTErpamaa o napamMeTpy.

of(x,y)
oy

Ecmu f(x, y) u OIIpeZIeTICHbI U HenpephlBHBI HA {(X, ¥): a < x < b, ¢ < y < d}

b b
(0<a<b<+o, w<c<d<+0) n jf(x, y)dx cxomures, a J‘%dx PaBHOMEPHO
Yy
a

a
b

cxomures Ha [c, d], To F(y) = j f(x,y)dx wnenpepsiBHO MU depeHIIPYyEMA HA ITOM OTPE3KE U

a

b b
d _ (9/(x,y)
d—yjf(x, y)dx = I—ay dx

a a
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7. KpaTHble HHTErpaJbl

v(x)
Ecnu uaTerpan, 3aBucsiuii ot nmapamerpa ®@(y) = f(x,y)dx, tne o(x) u y(x) — He-
¢(x)
npepbiBHbIe QyHKIMHK Ha [a, b], mpeacraBiseT coOoil GyHKIMIO, HHTETpUpYyeMyto Ha [a, b], To no-
b y(x) bl w(x)
BMOPHBIM UHMESPATIOM de J [(x,y)dy wnasbiBaeTcs BBIpaKEHHE .[ J f(x,y)dy |dx.
a o) alo(x)

Heotineim unmezpanom ot GyHkuuu [(x, y) 10 KBagpupyeMmoii 3aMkHyTol obmactu (G muoc-

KOCTM X, [/ Ha3bIBAETCS MPEIEN ” f(x,y)dxdy = liAm . ZZf(xi,yj)Axiij ,  The
= max Ax; — . .
G max ij-—)O L

Ax; = X — % Ay =Yg — Y, (G 4;) €G.
Tpounvim unmezpanom ot GyHkumu [(x, y, 2Z) MO0 KyOMpyeMoil 3aMKHYTO# 00aacTu v Tpex-

MEPHOTO NIPOCTPAHCTBA X, Y/, 2 Ha3bIBAETCS MPEE

Jﬂ [(x,y,2)dxdydz = maxliAr)l;_)O ZZ;f(xi,yj,zk)Axi Ay; Az,
v maxAy/—>0 Lo

max Az —0
rie AN =X =X, AY;j =Yg~ Y Az =20 — 2, (GY52) €V
CBenennme ABOWHOINO MHTErpanzla K MOBTOpPHOMY. Ec-

m G ={(x,y) a<x<b y(x) <y < Yo}, e yi(x), Yo(x) — Henpepismie dyHKimm

Ha [a, b], a f(x,y) uenpepuiBHa B (G, TO uMeeT MecTo Gopmyia

b yo(x)
[[iemdedy=[ax | femay.
G a  yx)

JaMeHa ONepeMEeHHBX B JOABOWHUHOM WHUHTErpaime. ITycth
GW u ny — KBaJIpUpPyeMble 3aMKHYThI€ OOJACTH COOTBETCTBEHHO Ha IUIOCKOCTIX (X, y) W
(u, v); x=x(u,v), y=1y(u, v) — HEMPEPHIBHOEC OTOOPAKECHHUEC GMU Ha ny, B3aMMHO OJTHO3HAYHO
¥ HenpepbiBHO Auddepenunpyemo orobpaxatomee G, Ha (). SIkoOnan % OTJIMYEH OT

Hyns Ha (G, ¥ HENpepHIBHO nmpojoIKaeM ) Ha G,,. Torma ecnu ¢pynkims f(x, y) HempepsIBHA B

G,,, To umeeT MecTo popMya

Xy’
” f(x,y)dxdy = ”f[x(u,y), y(,0)] d(x,y)
O G

0 (u,v)

dudv.

* (3
) cI)yHKI_II/ISI g, OIpCacICHHAasd B obnactu G, HAa3bIBACTCA HCIIPCPBIBHO IMPOAOJIZKAEMOUN Ha G , €CIIn

CYIIECTBYET Takas HempepbiBHast HA  (yHKIwMsa /4, uto h=g Ha Q.
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CBenenune TpOHMHOIro MHTErpansa K mnoBTopHoOMY. Ec-

m V ={(x, y,2): a<x<b yx)<y<uyox), zix, y) <y < 2 y)}, toe yi(x),

yo(x) HempepbBHEI B [a, b], 2i(x, y), 29(x, y) HempepHIBHEI B G= {(x,y): a<x<b,

y1(x) < y < yo(x)}, a pynkumst f(x, y, z) HenpepoiBHa B V', TO

b o)  2(xy)
ij(x,y,z)dxdydz = J.dx I dy j f(x,y,2)dz.
14

a yx)  zZxy)

3aMeHa mepeMEHHBX B TpPOWHOM HUHTETpamne. [TycTb
Gpp H nyz — KyOupyemble 00J1aCTH COOTBETCTBEHHO B MPOCTpaHCTBaX (X, yY,2) u (u, v, w);
x=x(u,v,w), y=ylu v, w), 2=2u,v,w) — HenpepsiBHOE oTOOpakenne G, Ha nyz,

B3aMMHO OJIHO3HAYHO M HETIpepbIBHO auddepeHuupyemo orodpaxaromee G, Ha G xyz slkoOHaH

o(x,y,z —
ox.y,2) # (0 ma G,,, ¥ HenpepsBHO npogomkaeM Ha (., . Torma ecnu byukums [(x, y, 2)

0 (u,v,w)

HenpepbiBHa Ha (O

xyz> TO HIMEET MECTO dbopmyna

0(x,4,2)
0 (u,v,w)

dudovdw.

” f(x,y,2)dxdydz = jjjf[x(uvw y(u,0,w), z(uvw)]‘

XL/Z uvw
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8. KpuBosinHelHbIe MHTETPAJIbI

ITycts mmeercst rnaakast KpuBast Y, 3amanHas napamerpuaecku (0 < ¢ < 7T):

x = x(1),
r=r(t) wm y = y(1),
z = 2(1).
Ilycte [(x, y, 2) — QyHKUMS, onpeecHHas U HepepbIBHAs B TOYKAaxX KpuBoil Y. Toraa BbI-

paxeHue J. f(x,y,2)ds wnaseBaercs kpusonunetinvim unmezpaiom 1 poda or pynkuum [ 1o Kpusoi
Y

Y u onpenensiercs popmynoit (ds — nuddepeHunan 1yru):

T
j f(x,y,2)ds = j f(r)ds = I F (), (), 222 (1) + 52(t) + 22(1) dt.
Y Y 0

3HaueHHe KPUBOJIMHEHHOTO MHTErpaia I poga He 3aBUCHT OT HampasieHust 00xoaa kpuBoi (A u
B — Hayayio u KOHEeIl KPUBOH):

If(X,y,z)ds= J.f(x,y,z)ds= jf(x,y,z)ds.
Y AB BA

[ycte dyuxkuuun P = P(x, y,2), @ = Q(x, y,2), R = R(x, y,2) — KOMIIOHEHTbI BEKTOP-
oy F(r) = (P; Q; R), HenpepbIBHBIC B TOUKaxX KPHBOW Y, MPOOEraeMoil B HaIlpaBICHUU BO3-
pactanuss mapamerpa t. Kpusonuneinvim unmeeparom 11 pooa Ha3bIBaeTCS  BBIpAKEHHE
IP dx +Qdy+ Rdz, onpenensemoe popmyoi
Y

dr
lpdmcgdywdz _ lF(r)dr _ lF(r)Edz _

T
= I{P(X(f),y(t), 2(1)) (1) + Q (x(1), y(t), 2(1)) 4(1) + R (x(), y(t), 2()) £(1)} dt.
0

[Tpy n3meHeHuu HampapiieHHsT 00X0/Ja KpUBOM Y KpUBOJMHEWHBIA uHTerpan Il pona menser
3HaK.
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9. IToBepXHOCTHbIE HHTErPAJIbI

[lycts £ — rmajkasi IByCTOPOHHSISI IIOBEPXHOCTb, 3a/laHHas MapameTpuuecku x = x(u, v),
y=y(u,v), z=2u,v), (u, v) € D, D —mnockas obnacte, rae x(u, v), y(u,v), z(u, v) —

HenpepbiBHO auddepeHumpyembie pyukuuu, £, F, G —ko3hUIMCHTHI TIEPBOH KBaJAPaTUIHON
(OpMBI TOBEPXHOCTH:

2 2 2 2 2 2
(&)@ o
ou ou ou ov ov ov
pofxox dyoy 0202

T Oudv oudv oudv

[ToBepxHOCTHB U HHTerpan I poma. Ecmwm f(x,y, z)— dyakuus,
OIIpeJIeTICHHAs! U HENpepbIBHAsL B TOUKAaX IMOBEPXHOCTH X, TO NOGEPXHOCMHBIM unmezpaiom 1 pooa
HA3BIBAETCS BHIPAKEHUE J‘J‘ f(x,y,2)do, onpenensemoe paBeHCTBOM

)y

” [(x,y,2)do = H F(x(u,0), y(u,0), 2(u,0))NEG — F? dudo.
3 D

3HaveHne uHTerpaia | posa He 3aBUCUT OT BBIOOpPA CTOPOHBI IIOBEPXHOCTH.

MoBepxHoOcTHHRH mHTerpan Il poma. Ilyete ET — cropona
NOBEPXHOCTH X, 3aJaBacMasi HampaBlieHHeM HopMmaimu n = {cosa; cos f3; cosy}; P(x,y, 2),
Q(x,y,2), R(x,y, z) — byHKIUH, ONPEeICIICHHbIC ¥ HEMPEPhIBHBIC HA MOBEPXHOCTU X. [losepxho-

cmuoim unmezpanom I poda Ha3bIBAIOT BBIPAKEHHE I Pdydz+ Qdzdx+ Rdxdy, onpene-

2+
JSIEMOC PABECHCTBOM

”dedz +Qdzdx+ Rdxdy = J](PCOSOL + @ cosP+ Rcosy)do.
>t p)
Jl1s1 HOBEpXHOCTH, 3a4aHHOU ITapaMETPUIECKH,
A B C
cosa = ;  CcosP = ;  COSY = ,
+VA% + B + C2 VA% + B2 + C2 VA% + B + 2
e A20WR) g 0 0y
o(u,v) o(u,v) o(u,v)

Hopmanu. [Ipu nepexone Kk npyroit ctopoHe X~ moBepxHocTh 2 uHTerpan Il pona meHsieT 3Hak Ha
MIPOTUBOIIOIOKHBIMN.

, a 3HaK BI)I6I/Ipa€TC$I B 3aBUCHUMOCTHU OT HAIIpaBJICHUA

®opmyna I'puna. Ilyere G— orpanndeHHas o0JIacTh Ha IUIOCKOCTH X, iJ C Ky-
COYHO IJIajKoW 3aMkHyTOU rpanutei I'. [lpu ycnoBuu HenpepbiBHOCTH GyHkumid P(x, y), Q(x, y),

ﬁ, wQ na G umeer mecto dopmyra” J:[ or _op dxdy = CJ-)de + @ dy . (Hampasne-
ox 0x 5 ox oy !

HHe 00X0/1a 10 KOHTYPY BBIOpAHO Tak, yTo 00nacte (G ocraercs clieBa).

*
) CuMBOIIOM 4) 0003HAYCH WHTETPAI IO 3aMKHYyTOMY KOHTYpY I.

r
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dopmyna Crtoxrxca. Ilycte ¥ — KOHEUHas KyCOYHO IJIajiKasi IOBEPXHOCTh B
IPOCTPaHCTBE X, Y, 2, HATSIHyTas Ha 3aMKHYTBIH KycouHO riankuii koutyp I'; ¢dyskumm P(x, y, 2),
Q(x,y,2), R(x, y,z) HenpepblBHBI BMECTE CO CBOMMHU YaCTHBIMH HPOHM3BOIHBIMU B oOmactu G
NpOCTPaHCTBa X, I/, 2 Takoil, uro £ (. Torma umeer mecto popmyia

cosa cosf cosy
0 0 0
Pd+d+d=”———d,
.[ X+ Qdy+Rdz 0x oy 0z °
P Q R

IZIe COSs O, COS 3, COS Y — HaNpaBJIAIOLMe KOCUHYChl HOPMaJM K MOBEPXHOCTH X U HalpaBJeHUE
HOpMaJIi TaKOBO, YTO 00X0J MO KOHTYpY [ coBepiaercsi MpOTUB YaCOBOM CTPENIKH, €CIIH CMOTPETh
13 KOHIIa HOpMaJlu.

Eciu (P; @; R) — xomnoHeHTsl BekTop-¢pyHkuuu F, To B BekTtopHOii hopme Teopema CTokca

HMMeEEeT BU]I C-“)F-dr = J‘J‘rOtF'ndG'

©opmyna Octporpanckoro — Iaycca. Ilyecrp £ — KycouHo
rJajikas MoBepPXHOCTb, OrpanuunBamomas oobem V, u P(x, y, 2), Q(x, y, 2), R(x, y, 2) — byHK-
IIUH, HENPEPhIBHBIC BMECTE CO CBOMMH YaCTHBIMH MTPOU3BOIHBIMU Ha obnactu V. Torma umeer mMecto

dbopmyna
(Pcosa + QcosP+ Rcosy)do = op 8Q oR dxdydz,
I 11 s

TZIe COS O, COS [3, COS Y — HAIPaBJISIONINE KOCHHYChI BHEIITHEH HOPMAJIN K TOBEPXHOCTH.

Ecmu pynkun P, ), R paccMaTpuBaTh Kak KOMIOHEHTHI BekTop-GyHkimu F, T0O dopmya
Octporpaackoro—I'aycca MoxkeT OBITH 3amcaHa B BEKTOPHOU dopme:

”F-ndc _ ”' div Fdxdydz,

rae n=(cos a, cos 3, cos y).
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IV. Psaabl 1 npousBeaeHus

1. YncaoBbie psabl

1.1. OcHoBHBIE OnIpeae/IeHHS.
B uucnosom psoe

e 0}
qta+...+a,+..= E a,, (1)
n=1
qucia 4, Ha3bIBAKOTCAI WICHAMHU pAaad, a YUCIa
Sp=a;tay+...tay, (m=1,2,...)
Uacmu4dHbIMU CYMMAMU.

Psin (1) HasbIBaeTCs cxodawumcsi, ©CIH CYIIeCTByeT KoHeuHsli mpegen lim S, = S. Yucno
n—>0

S HasbIBaeTcsa cymmotl pada. Ecnu nmocnenoBaTeIbHOCTh YACTHYHBIX CYyMM {S,,} HE MMeeT KOHEYHO-

ro npezena, To pan (1) HazwsiBaeTcsa pacxodswumcs. P ¢ neiicTBUTENbHBIMU YJI€HAMH, 3HAKU KOTO-

PBIX 3aBUCAT, B 06H.[CM CJIydac, OT HOMCpa YiICHA, HA3bIBACTCA 3HAKONEPEMEHHDBIM.
0

Pan (1) HasbIBaeTcs abcontomHo cxo0auumcs, €Clv psij E | a, | CXOIUTCH.

n=1

o0 0 o0
Ecnu psin Z Q, CXOmUTCH, a AN Z| a, | pPacxoJIuTCsA, TO Psia Z Ql,, Ha3BIBACTCS YC06-
n=1 n=1 n=1

HO CXOOSUUMCSL.

1.2. JleiicTBHsI ¢ psiaamMu.

o0 o0

Ecnm psan E Q,, cxoauTcs (CXOAUTCS abCONIIOTHO), TO P E ca, TaKKe CXoauTcs (CXOo-

n=1 n=1
o0 o0
JIUTCST AOCOJIFOTHO) M ann = CZ a, .
n=1 n=1
o0 o0 o0
Ecnu psipl Z a, u Z b, cxomsrest (cxomsitest abCOIIOTHO), TO S Z (a, +b,) raxxe
n=1 n=1 n=1
o0 o0 o0
cxoautes (CXOmuTes aOCOIIOTHO) U Z (a, +b,) = Z a, + Z b, .
o0 o0

Ecnn E a, u E b, — abCOTIOTHO CXOISIINECS PSIBL, TO UX IIPOM3BEICHIE — a0CONIOT-

n=1 n=l
0 0 o n-l
HO CXOJSILIUICS PAI U Z a, Z b, |= Z Z a,,b,_,,
n=1 n=l1 n=2 m=I

1.3. Ilpu3HaKku CXOAMMOCTH 3HAKONOCTOSHHBIX PAI0B.

Heobxoaumoe ycnosue cxomumoctd psiga:  lim a,, = 0.
n—>x©
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0

Kpurtepuit Kommu. [Juacxooumocmu psoa E Q, HeobXooumo u 00CMamouHo,
n=1

umobwl 0na 10boeo € >0 cywecmeosan maxoi Homep N = N(g), umonpu n>N u p>0

n+p
Suep=Su| =D @l <.
i=n+l
Ipu3HAKH CXOTUMOCTH YHCJIOBBIX PSIIOB ¢ HEOTPUIATEIbHBIMH YJIEHAMHU.
o0
[IpusuaHax cCpaBHEHUS. Ecau ona psoa E a, cywecmsyem makoil pso
n=l1

e¢]

o0
E bn , umo npu n> N ewinonneno a, < b,, mo uz cxooumocmu psoa E bn cnedyem cxoou-

o0
Mocmb psoa Z a, .
n=l1

. a
IMIpuszunaxk JanamOepa. Ecw a,>0 u llm”—H:q, mo npu q <1 pso
n—>ow Cln

o0
Za” cxooumces, npu q > 1 pacxooumcs.
n=1

o0
Dpuszuwaxk Komu. Ecw a,>0 u lim%a, =q, monpu qg<1 pso Za” cx0-

n—»0
n=1

oumces, npu g > 1 pacxooumcs.

. a
Hpusunaxk Paabe. Ecwm a,>0 u llm( 1 —lqu, mo npu q > 1 psao

n—>00 an+1

o0
E a, cxooumcs, npu g <1 pacxooumcs.

n=1

a 0
Mpuszuwaxk Taycca. Eow a,>0 u — S N ] , 20e |0, |<c (c=const)
l+¢
Ayl n - n

e}
u €>0, monpu A>1 psao Za” cxooumces, npu A <1 pacxooumca. Ecnu A=1, mo npu pn>1

n=1
e}
pao Za” cxooumces, npu W< 1 pacxooumcs.
n=l1

Murterpanbuasit npusnak Komwu. Ecwm [f(x) — neompuyamenvhas
o0

yowisarowas ¢yukyus npu x = 1, mo pso Z [(n) cxooumes unu pacxodumcsa oonoepemento ¢
n=l1
+00

UHMEZPaANOM If(x) dx.
1
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1.4. Ilpu3HaKku CXOAMMOCTH 3HAKONIEPEMEHHBIX PAI0B.

[e e}
[Ipusnwaxk JledO6uuma. 3uakonepemennviii pso Z(—l)”_lbn (b, = 0) cxo-
n=1

oumes, ecau a) b, > by, 6) lim b, = 0.
n—o0

Jna ocmamka psda R, = (-1)'b, | + (—1)”+lbn+2 + ... cnpaseorusea oyenka R, =

= (_l)n en er—l 0< erz <.

o0 o0
[Ipusunaxkx AGensa. Pao Za” bn cxooumces, ecau ) psao Za” cxooumcsi;

0) uucna b, o0bpazyiom MOHOMOHHYIO 02PAHUYEHHYIO NOCIE008AMETbHOCIb.

o0
[Ipusuwaxk HQupuxne. Pao E a, b, cxooumcs, ecau a) nocneoosamensrocmo
n=1

{b,} monomomnno cmpemumcs x 0; 0) nocredosamenvrnocms yacmuunvix cymm {S,,} oepanuuena.

1.5. CBoiicTBa psigoB.

CymMma abCOITIOTHO CXOASIIETOCS Psijia HE 3aBHCUT OT MOPSI/IKA CIIaraeMbIX.

Teopema Pumawna. YneHnvl Kaxicoo2o YCio8HO CX00Aue20cs paod ¢ 0eticmau-
MENbHLIMU YTIEHAMU MONCHO NPeOCmasums mak, 4mo: a) nocie008amelbHOCHb €20 YACTUYHBIX CYMM
0yoem cxooumwvcs K 1060My 3a0aHHOMY 4ucty; 0) nociedosamenbHOCMb €20 YACMUYHBIX CYMM O)-
0em HeoSPAHUYEHHO 803PACMAamp; B) NOCIEO08AMENbHOCb €20 YACMUYHBIX CYMM Oy0em HeocpaHu-
YeHHO yObleamb; T) NOCE008AMENLHOCHb €20 YACMUYHBIX CYMM OyO0em Koiebamuvcs medxncoy 08yms
JII0ObIMU 3a0AHHBIMU YUCTIAMU.

1.6. HexoTopble KOHEYHbIE CYyMMBbI.
nn+1)
2 b

A S A Gty /b))
n

1+2+3+...+n=

1+3+5+...+Q2n— 1)=n2;
2+4+6+...t2n=nn+1);
1+8+16+...+8(n— 1)=2n — 1)

124224324 +n2=n(n+1)(2n+l)_
oo 6 b
2 2
B+23+33+ +p3= LT (n+1 ;
4
2
12+32+52+...+(2n—1)2=—n(4’2 D,

3 3
13+33+53+...+Qn—1)3=n22n2 - 1);
4 nn+)@n+1)(3n* +3n-1)
30 ’

14+24+34+ . +n
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. n+l1 . nx
sin X sin—
sinx +sin2x +...+sinnx = 2 2 ;
sinf
2
n+1 . nx
coSs X sin—
COSX + COS2X + ...+ CcoSnx = 2 2 ;
sinf
2
. 2n+1 . X . 9nx
nsin x sin = —sin“ —
COSX +2C0S2X +...+NCOSNX = 2 2.
. 99X
2sin” =
2
1, x 1, x | X 1 X
tox+—tg—+—tg—+...+ —tg— = —ctg— — 2cto2x;
g 2g2 4g4 QﬂQQn o g2n g
nshxsh(n+jx—sh2’12x
chx+2ch2x+...+nchnx = .
2sh2 ¥
2
1.7. HexkoTopbie YUCI0OBBIE PABI.
_ (2n)! 1 | | .
B, = g2l 1+ 5% + 2% + 1% +...| (uucna Bepuynu);
221+2(2p)1 1 1 1 .

E” - ﬂ:2/1+1 |: _32n+1 +52n+1 _72rz+1 +} (wucaa Jirepa) ;
ZL=l+l+L+L+.”=e; Z(—l)”Lzl—l+L—L+...
n! I 20 3! n! I 20 3!

n=0 n=0

DY | P S U -2

n=l1 n

ZL:1+1+—+—+ =2; Z(—l)”Lzl—l+l—l+ =
n:OQ” 2 4 8 ~ on 4
2—1” 1 :1——+l——+—— :E,

~ 2n+1 3 5 4

i | | | 1 1
= + + +... ;
@2n-1)@2n+1) 1.3 3:5 5.7 2

i 1 1 1 1 3
= + + T =—
(n-(n+l) 1-3 2.4 3.5 4
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i | | | 1 | =
= + + + ... =
“(4n—1)(4n+1) 3.5 7-9 1113 2 8

 JPR RS U N
“n(n+l)(n+2) 1.2-3 2.3-4 4
iL—l L+_+L —ﬁ-
n:lﬂQ 22 2 42 6’
o 2
Z(_l)n_l Lz =1 12 12 12 =5
p n 22 3% 4 12
i ! +—+ —ﬁ
~ (2n - 1)* 32 52 8
i(_l)n_l I R o
— (2n - 1)* 3 5 7 32
il 1+L+—+ —ﬁ~
i 2t 3¢ 90
N 1 11 7nt
_lﬂl_: o - 4 =—:
N £
i ! +—+ —ﬁ-
~ (2n -1)* 3t 5t 96
i#—l.}. 1 + 1 + l + —@B
T I N U T
w 2%k (o2k-1 _
Z(—l)n_lel— 1 + 1 _ 1 + — T (2 I)B .
1 2k 92k " g2k 42k T (2k)! k>
n=
= I I | I n?k 2%k — 1)
—— =1+ + + t.o..=———B;
Z::,(Qn_l)zk 32k " g2k T 72k 2. (2k)! k

7I2k+1

n=1
o | o
1+ =chl; =shl;
Z(Qﬂ)! ¢ Z(Qn—l)! ”
Nl A G A
1+Z(2n)' = cosl; Z(Qn—l)!_sml'

Il
—

n

N el 1 ~ 1 1 1 ~ _
Z(_l) ©@n - 2T I- B R S B A T30 (k)1 Ly

81
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2. DyHKIUOHAIbHBIE PSAbI

2.1. OcHOBHBIE OmIpe/Ie/ICHHS.

Psin, wieHaM# KOTOPOTO SBJISIOTCS HEKOTOPBIE (DYHKIIMU, HA3BIBACTCSA (DYHKYUOHANLHBIM PAOOM.
o0

MHOXeCTBO 3HaYCHUH X, MPU KOTOPBIX (YHKIIMOHAIBHBIN psif E J,(x) cxomurcs, Ha3bIBa-
n=1

€TCSl 001aCmbio0 CX0OUMOCMU PSIZIA.
o0

Oyakuun S,,,(x) = Z J,(X) HasbIBarOTCS wacmuuHbLIMU CyMMAMU PSIA.

n=1

o0
Oyuknus S(x) = 2 J,(X) B oGIACTH CXOAUMOCTH psijia HA3BIBACTCS CYMMOU PAOd.

n=l1
o0

OyHKINOHATBHBIN PSIT Z [, (X) HassIBaeTcs pagHomepro cxodsuumcs Ha npomexcymke X,
n=|
€CJIM TTOCTIEe0BAaTeIBHOCTh {S,(X)} €ro 4aCTUYHBIX CyMM CXOAUTCS PAaBHOMEPHO.
o0
OyHKIMOHANBHBIN PsI BUOA Z a,(x—xy)", tme a, u xqo— HeKkoTOpbIE (IEHCTBUTEND-
n=1
HBIC) YUCIIA, 3 X — MEPEMEHHOE, HAa3bIBACTCS CHIENEHHbIM PSOOM.
Hnmepsanom cxooumocmu CTETIEHHOTO psiia Ha3bIBaeTCst HHTEpBal | X — X | < R (R — paduyc
cxooumocmu), Ha KOTOPOM CTENEHHOM psJl CXOAUTCS (@ BHE €ro — PacXoJuTcs).
Ecnu dynkims f(x) ompeneneHa B HEKOTOPOH OKPECTHOCTH X M HMMEET B 9TOH TOYKE HPOM3-
o /" (x)
BOJIHBIC BCEX MOPSIKOB, TO PSiJI Z—(
n!
n=0

X — xo)ﬂ HaswIBacTCs pssoom Tetnopa GyHkumu [(x)

B TOYKE X).

[IpaBuna nelcTBHA ¢ PYHKINOHAIHHBIME PSAMH B O0JIACTH MX CXOJWMOCTH COBIIAJIAIOT C TIpa-
BUJIAMU JIEHCTBHUM JJIs1 CXOISALIMXCS YUCIOBBIX PsiioB (cM. 1. 1.1).

2.2, lIpu3HaKU CXOAUMOCTH (PyHKIIMOHAJBHBIX PAIOB.

o0
Kpurtepuit Komu. Jna moco umobw pso E [, (x) pasromepno cxoouncs na
n=l
HeKomopom npomedcymke X, HeobOX00UMO U 00CmamoyHo, umobwl 015 10bozo € >0 cywecmsosan

maxoti Homep N = N(g), umo ons 6cex n> N, ecex namypanvhvix p uecex x € X
n+p

Suep(0) =S, =| D fw)| <.

i=n+l
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o0
IIlpusunak Be#iepmrpacca. Pao Zfﬂ(x) €xX00umcsi abconomHo u pas-
n=1

HOMEPHO Ha npomedicymke X, ecau cyujecmgyem maxkou CXo0Suulics YUcio8ol psao ¢ NOA0NCUMENTb-
o0

HbiMU YjleHamu E r

s 4mo [ ay(x) [ < rp.

n=lI
o0

[Ipusuaxk AbGens. Pao Z [,(x) g,(x) cxooumca pasnomepho na npomedscymre

n=l1
0]

X, ecau pso an(x) cxooumces paguomepro Ha X; nocaredosamenvhocmv {g,(x)} oepanuuena
n=1

U MOHOMOHHA npu Kaxcoom X € X.
o0
Mpusuak HAupuxmae. Pao Zfﬂ(x) g,(x) cxooumcs pasnomepno na X, ecnu
n=l

0

I’lOCJle()OGClmeJZbHOCI’Hb Yacmu4dHblX CYMM E fn(x) ocpanu4dera Ha X u I’lOCJle()OGClmeJZbHOCmb
n=1

{g,(x)} monomonna onsa écex x € X u pasnomepno cmpemumcs Kk uynio na X.

2.3. CpoiicTBa (yHKIHMOHAJIBLHBIX PANOB.
CyMMa paBHOMEPHO CXOSIIETOCS Psijia HETPEPHIBHBIX (DYHKIMIA €CTh HEMpepbIBHAS (DYHKITHS.

o0
Ecnu psn Z f,(x) cxommTcs paBHOMEPHO Ha MPOMEXKYTKE X M JUIs JHOOOrO 71 CYIIECTBYIOT

n=1

o0
KoHeuHsle npenenst  lim [ (x), xo € X, To psia Z( lim [, (x)) cxomutcs u
X=X =l X=X

li = li :
S 1 Do = 32 o)

0

Ecnu wnens! cxopsmerocs psiaa Z f,(x) HenpepbiBHO b depenmpyembl Ha OTpeske [a, b]

n=1
[o0]

d
U pAJ IPOU3BOAHBIX Zd_ f,(x) cxonures papaomepHo Ha [a, b], To
X

n=l

o0
Ecnu wiens! psana Z J,(x) HenpepbIBHEI Ha OTpe3ke [a, b] W 3TOT pAJ CXOUTCS paBHOMEP-

n=l
b

o0 o0 b
HO Ha [a, b], TO I Z [ (x)pdx = Z jf” (x)dx W psn B IIpaBoil 4YaCTU PaBEHCTBA PABHOMEPHO
a n=I n=l a

cxomurcs Ha [a, b].
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e}
2.4. ®opMyJIbI 151 BHIYUCIEHHS] PAIHYCa CXOAMMOCTH R cTenmeHHoro psjaa Zan (x—xp)".
n=0
1 —
®opmyna Komm—Anmamapa: — = lim %/ |a,|.
pMy p R oo |n|
.| a, .| a,
Ecnu cymectyer npenen lim , o R= lim
n—o |, n—0o |, |
2.5. JleiicTBHUS CO CTENEHHBIMH PSIAAMM.
o0
BHyTpu o0miero nHTEpBaia CXOIUMOCTH | X — X | < R CTENEeHHBIX pS/IOB Zan (x—xo)” ,
n=0
o0
Z b, (x — xy)" crpaBemTuBb paBeHCTBA:
n=0
o0 (e8] e}
Zaﬂ (x —xp)" + an (x—xp)" = Z(aﬂ +b,)(x—x0)";
n=0 n=0 n=0
o0 o0 e} o0
D (= 5)" Y by (k= x0)" = D e, (x=xg)', e ¢, = Db,
n=0 n=0 n=0 i=0
d o0 o0
EZan(x—xo) :Z(n+1)aﬂ+1(x X9)" s
n=0 n=0
e} o0 a
J- Zaﬂ(x—xo)” dx:z t(x—xy)" +¢ (¢ =const)
n+1
n=0 n=0
2.6. HexoTopble cTeneHHbIe PSAbI.
o0
m(m-1)...(m-n+1
I+x)" =1+ ) ()" ( ) '( )x” (m > 0);
— n!
2 3
m(m-1)x* m(m-1)(m-2)x
(I+x)" =1+ 54 (m—1)x” , m{m-1)( ES (] < 1)
1! 2! 3!
_ = m(m+1)...(m+n-1)
I+ x)™" = F1)" "=
(1£x)™" =1+ > (1) py X
n=l
2 3
mx m(m+1)x* m(m+1)(m+2)x
=17 + ( ) T ( )( ) +.o (m >0 |x] < 1)
1! 2! 3!
® 2n-1 3 5
X X7 X
sinx = S Y N N A x| < 0);
;( ) (2n-1)! 3! 5! (| | )
o 2n 2 4 6
X x° X X
cosx = -1)" =l-—+—-"—+... (| <x);
Z( ) (2n)! 21 4! 6! (| | )
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= 272" ~1)B
tgxzz ( ) ﬂ=x+1x3+£x5+ 17 X+ 62 PR (|x|<£);

L (2n)! 37 157 315 2835 2
© o2 3 5 7
ctgx=l—22 By ont 1 _Jx x* 20  x +o| (0<|d<m);
x = (2n)! x |3 45 945 4725
o 2 4 6 8
SeCX:1+Z En X2n=l+x—+5x +61X +277x + ... (|x|<£j;
i (2n)! 2 24 720 8064 2
0 2 22/1—1_1
cosec x = 1 + Z—< Y ) an%_l =
x = (2n)!
x 760 3l 1274
4 + + + (0<|x|<7t);
x 6 360 15120 604800
0y 2 3 4
exzzx—:l+£+x—+x— AR
n:o”' I 20 31 41
©_ 2n 2 4 6
X :1_£+Z( DB __x_ BT Byx'  Byx —... (| < 2n);
X 1 9 p (2n)! 2 21 41 6!
. 2 4 5 6 7
eS‘”=1+x+x——3x _8 +56X ... (|x|<°°);
2! 41 5! 6! 7!
2 4 6
pS0SY _ l_x_+4i_31x + ... (|X|<°O);
21 4! 6!
2 3 4 5
TS S DI S S A [ S (|x|<£);
21 3! 41 5!
. 2 2x® 5yt
earcsmx 1+X+§+?+T+'” (|x|<l);
2 3 . 5
ea“tg)‘=1+x+%—%—%+%+m (Jxef < 1)

_+_

2n+1
nx—QZ —1) — _2()(—14_ ( —1) ( 1)5 } (X>O);

(2n+1)(x+1) x+1 3(x+1) 5(x+1)

(_l)n+1’§x—l)” :(x_l)_(x;)? +(x—31)3 _(lel)4 e (0<x<2);

Inx =

o) n 2 3
lnx:Z( VA Sl O € et RN € 2tV S (x> 1/2);

n X QXQ 3)63

><

© n+1n 2 3 4
n(l+x) Z —x—%+%—%+... (-1<x<I1);

n=
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ln(l—x)=—Z%:—(x+%+%+7+%+..} (1< x<1);

3 5 7

l+x X X X X
ln(l—xj_222n+l —2[x+?+?+7+...] (|x| < 1);

1 1 1 1

+——+ +) (|x[ > 1);

=2| —+
(2n + 1) x> (X 3% Bx®  Tx!

/ﬂ\
=
+
Q
Ms

:O
0 2n+1
arcsinx = x + Z )(12);+1) =
n=
x3 1 3x° 1 3.5x°
=X+ (|x|<1)
2 3 2-4. 5 2:4-6- 7
® 2n+l1
arccosx=£—x—Z:1 3:5-..-@n-lx
2 2-4-6- (2n)(2n +1)

T x> 1-3x° 1-3-5x
=——|x+ + (K< 1)
2 2-3 2-4-5 2-4-6-7
o ( l)nx2n+1 )C3 5 )C7
arctg x = = +———+ x| <1
xS e (<
T o~ (=) n 1 1 1 1
arctgx =+ —+ =t——-— + x| >1);
2 HZ:(;(Qﬂ'Fl)XQ’H_I 2 X 3)63 5X5 7X7 <| | )
o «© (_l)ﬂ-i-l x2fl+l T )CS )C5 )C7
arcetgx ==+ ) ————— = — | x - —+— -+ ... x| <1);
S HZ:(; M+l 2 375 7 I+ <1)
o (D) Il I I
arcctg x = =—— + - +... (x>1);
2(2/14—1))62”“ X 3)63 5x5 7X7 ( )
© n
arcctgx = m+ 1)2 1=n+l— 13+ 15— 17+... (x <-1);
—2n+1) X 3% B5x° Tx
© -1 3 5 7
shx:Z al AN . (| < =);
~ (2n-1)! 3! 5! 7!
© 9 2 4 6

X X X X
ChX:ZO(Qﬂ)!:1+2—!+4—!+§+... (|X|<OO),
n=

® n+lo2n02n 3 5 7 9
thx = Z(—l) 27027 1) BnXQn—l T 2x° 17x . 62" (|x| Ej;
= (2n)! 3 15 315 2835 2
©_ nha+lon 3 5 7
cthx:l+ZMan2”_1:l+£—x— 2x a o (0< |y <m);
X (2n)! x 3 45 945 4725
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£ 2.4.6-...-20)2n+1)
K 1-3x>  1-3.5x7
Rt e (<)
2.3 2-4.5 2-4.6-7
archx:_ln(Qx)—Z 1'3'5""'(2’1_1)2 _
~2-4-6-...-(2n)(2n) x™"
1 1-3 1-3-5
=+|In(2x) - - - —-... x>1);
{ (2:) 2.2x% 2-4-4x* 2.4.6.6x° } (r>1)
® 2n+l 3 5 7
arthxzzx A (|x| < 1);
202n+1 3 5 7
< 1 11 1 1
arcthx = =— + + +... x| >1).
—~ (2ﬂ+1))€2ﬂ+1 X 3x3 5X5 7X7 (|| )
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3. beckoHe4YHbIe MPOU3BEACHUS

3.1. OcHoBHBIE Onpe/IeIeHUsl

o0
B OeckoHeyHOM MpoOU3BEACHUN p1pP2 - Pn= H P, 4ucna p, — 4YJICHbI 0OECKOHEYHOTO MPO-
n=l1
m

u3BeneHust, Py, = pipy .. Pm = H p,, — YaCTHYHBIE TPOU3BEICHHMS.
n=1

Ilpenen P mnocnenoBatensHOCTH {P,} mpu 7 — oo Ha3bIBaeTCs 3HAYECHHEM OECKOHEYHOTO

npousBencHus. Ecmm P xoneuno u P # 0, TO mpoW3BeICHUE HA3ZBIBACTCS CXOOAUWUMCSH, B TIPOTHUB-
HOM CIIy4ae — pacX00AUUMCA.

Ecmn lim P, =0, to 6eckoHeYHOE IPOU3BENCHIE pACXOOUMCSL K HYIO.
nM—>0

o0
beckoneunoe npousBencHue H p, Ha3bIBaeTCA abcontomuo cxo0aumumcst, eciii abCoFOTHO
n=1

o0
CXOIUTCS PAL Z Inp, .

n=l

3.2. CpoiicTBa 0eCKOHEYHBIX IPOU3BeICHM.
o0

Ecau 6eckoHeuHoe IIPOU3BCACHUC H pﬂ CXOOUuTCs, TO llm pﬂ =] .
n=1 n—>0

0 o0
Jis cxonumocT H p,, HEOOXOIAMMO M JOCTATOYHO, YTOOBI CXOUIICS PsJL E In Py -
n=1
n=l1

Ecau P=Hpn, M=Zlnpn, To P=eM,
n=l

n=1
o0
Ecnu B 6eckOHEYHOM MPOU3BEICHUH H(l +a,), HauyuHas ¢ HeKOTOporo Homepa N, Bce
n=1

quciia d, HUMCEIOT OOWH 3HAK, TO HJIA CXOOUMOCTHU NPONU3BEACHUA HGO6XO[[I/IMO n J0CTaTO4YHO, YTOOBI

0

pan Z% CXOMIICA.

n=1

3.3. HexoTopnbie 6eckOHeYHbIe TPOU3BEICHHS.

2
H L = g (¢popmyna Bannuca);

n=l 4n® — 1

- 1 ]
H(l-—) _L
n=2 fl2 2



3.3. HEKOTOPBIE BECKOHEYHBIE ITPOU3BEAEHIM .

© 1/n

e
I | - Y (y — mocrosiHHas Diinepa — MackepoHH);
n=l] +

[l

} + .
2n+1 a+1 2 ’
- | J‘ = 1 1 . /3
H(H_j: /8 n(l__):_ch_;
n=1 l’lS 2 3

a

ﬁ(l— a j(l_ a j(l-i_ j_Q_asinna.
n=0 2n +1 2n +2 n+l na

[Ta+ae?= %(1+ctha);

LI
T

n=1

0 -y 9 (-)*n
TR O
n=1 n 12 =2 n 2e
ﬁ (uﬁ)e”/” B sinna’
fi=—c0 n Ta

n=0

= a cos ma

1— ea/(2n+l) _ ,

ﬂ];[w( 2n + 1) 2

o |
= E —  (moarcoecmeo Ditnepa)
el =1/pf = n*

(pp, — mpoctele uucna (p; =2, po=3, p3=>5,...), x>1);

n |
|+ x° x| <1);

L )= (W<

o0 2 o0 2
xH 1—% =sinx; H 1—4;22 = COoSX;
n=1 n°m n=l1 2n-1)"n

= X2 = 4x° |
xH 1+ 55 =shux; H 1+ﬁ =chux;
n=1 nm n=1 (2/1—1) T

X
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V. KOMIVIEKCHBIE YU CJIA U ®YHKIINHU
KOMIIVIEKCHOI'O HEPEMEHHOTI'O

1. KoMmjieKcHbBIE YHCJIa

Anre6pamueckast (qekaproBa) Gopma samucu: 2 =x +iy  (i2=-1);
Re z=x — oeticmeumenvras yacmes KOMIZIEKCHOTO YHUCIIA,
Im 2=y — mHumasn yacmev KOMIIJICKCHOTO YHUCIIA.

KomruiekcHoe 4uciio 2 = X — iy — KOMIUIEKCHO CONPSKEHHOE C YHUCIIOM 2.
Apudmerndeckue neHCTBUSA:
21t z=(tx) iy ty), 21—-2=(x1—x) +i(y1—Y2),
212y = (XX — y1y2) T i(xX1y2 + X24),

2, XXy +  Xoly — X

A _M g !/12!/2 ny 2!/21 12!J2 (29 #0).

) X9 + Y5 Xy + Y5
).

% . .
TpuronomeTpuyeckas opMa 3arucu z=r(cos @+ isin Q).

MOI[y.]'IL KOMIIJICKCHOI'O YHMCJia: |Z| =r = \[)CQ + yQ .

ApryMmeHT KOMIUIeKCHOTO uncna: Arg z = argz + 2nk (k=0,1,2,...), argz=¢ —
[JIaBHOE 3HAYCHUE apTyMEHTA.

[Moka3zarenbHas Gopma 3amucu: 2 = r e'®.

Gopmyna Diinepa: eP=coso+isine.
[Ipon3BeneHre U YaCTHOE KOMIUIEKCHBIX YHUCEINl B TIOKA3aTEIIbHON U TPUTOHOMETpUUYECKOH (popme 3a-

MHCH: 212y =111y e (P17 92);

A O piteer) o ﬂ[COS((P1 —@g) +isin(g—@9)] (20 #0).
2 I ro
GopMyns Myaspa: 2'=rel™ =r(cosne+ isinng),
Nz =”rexp{iL2nk} =W(cosw+isinw) (k=0,1,2,....n-1).
n n n

m
m/n n
CreneHs ¢ IMPOU3BOJIBHBIM PALIMOHAJIBHBIM IMOKA3aTCIICM: < / = (\/E) .

K OHpGI{CJ’ICHa 1A KOMIUICKCHOI'O YrcCjia 2, OTIIHYHOTO OT HYIJIA.



2. ODyHKIUHM KOMILUIEKCHOTO NEePEeMEHHOI0

2.1. OcHOBHBIE OmpeeIeHH.

Oyukuus [(2) HasslBaeTCs nenpepwigHoll B ToUKe 2, ecan lim f(2) = f(zy).
22

®yukiws f(2), HenmpepsiBHAS B KaXI0# Touke obmactu (G, Ha3bIBACTCS HENpepviHOl 8 00-
nacmu Q.

Oyukiws f(2) Ha3pIBACTCS Qupgpepenyupyemoii B TOYKEe 2, €CIIU CYNIECTBYEST KOHCUHBIH Tpe-

®yHkiys [(2) HA3BIBACTCS GHAIUMUYECKOU 6 MOuKe Z(), €CIIM OHA MPEeCTABUMA CTCICHHBIM

o0
n o
pagom [(2) = E a,(2—2p)" , cxonswmMes B HEKOTOPOIi OKPECTHOCTH TOUKA Z() (&, — KOM-
n=—0o0

IUIeKCHBIE ynciia). DyHKIMS Ha3bIBACTCS anaiumuyeckoi 6 oonacmu (G, e€Cciav OHa aHAJTUTHYCCKAs B
KaXKI0U TOUKE 00JIaCTH.

Touka 2z Ha3biBaercs Hyrem gyukyuu [(2), ecin [(2p) = 0. Touka 2 Ha3bIBaeTCs HyIeM
n-2o nopadka aHamurudeckor Gpynkmu f(2), ecmm f(2) =(z2 —20)"* ¢(2), roe ¢(z)— aHaauTHYe-
ckagu @(zp)#0.

Touka 2z HasbiBaeTcs ocoboil moukou GyHKuMH [(2), ecan [(2) B ITOM TOYKE HE AaHAIUTH-
yeckas. Touka 2( Ha3bIBACTCSA UZ0AUPOBAHHOU 0COOOU moukol (GyHKIHMU [(Z), eclu CymecTByeT
takoe € >0, yto B obmactn 0<|z—2g|<e dyHkuus [(z)— aHanuTHYECKas.

Ocobast Touka aHATUTHIECKONH DYHKIMK [(2) HA3BIBAETCS YCMPAHUMOU 0COO0U MOUKOU, CCITH
ee pasioxeHue B psn JlopaHa He CONEPKUT OTPUIATENBHBIX CTeNeHeH 2 — 2p, T. e C_, = 0
(n=1,2,...).

Ocobast Touka 2() aHAIMTHYECKOi GYHKIMU f(2) HA3BIBACTCS NOMOCOM, €CIIH €€ PA3IIOKCHHE B
psn JlopaHa cooepKUT KOHEUHOE YMCIO OTPHLATENBHBIX cTrenmeHeil 2z — 2y (c—; #0, c—_p # 0, ...,

C—p-i=0 (i=1,2,...)), uucio k Ha3BIBaETCA NOPAOKOM noaoca; ecinu Rk = 1, To MOOC Ha3bIBaET-
CSL NPOCMbIM.

Ocobast Touka 2() aHaIUTHYECKOW (QYHKIMHU [(2) HA3BIBACTCS CYuyecmeeHHo 0coboll MOYKOl,
ecliu ee pasnokeHue B psaa JlopaHa cOIepKUT OECKOHEYHOE YMCIIO YJICHOB C OTPHUIIATEIbHBIMU CTETIC-
HSIMH 2 — 2.

Hanpasnenne 00xoma 1Mo KOHTYpPY CUHUTAETCS HOLOHNCUMENbHBIM, €CTTH 00JIacTh, OTPaHUYCHHAS

KOHTYpPOM, IIpU O6XOI[€ ocTaetcs ciiena. B MMPOTUBHOM CJIy4dac HAIIPaBJICHUC O6XOI[a CUHUTACTCA ompu-
yamejibHsblM.

HenpepsiBHOe oTOOpakeHne w© = f(2) obnacth (G KOMIUIGKCHOW IUIOCKOCTH 2 B 00JacThb
KOMIDIEKCHON TUIOCKOCTH @ Ha3bIBaeTCs KOHGopmHbiM B Touke Zo€ (G, eciam 0TOOpakeHHe B 3TOM

TOYKE COXPAHSET yIIIbl U PACTSDKEHUS IOCTOSTHHBIMU. HenpepriBHOE oToOpaxkenue odnactu (G Hazbl-

BACTCS KOHPOPMHBIM, €CITH OHO KOH(GOPMHO B KaXk0H Touke obmactu (.

KondopmHoe oToOpakeHHEe Ha3BIBACTCS KOHGOpMHbIM omoobpadxcenuem | poda, eciu OHO CO-
XpaHseT a0CONIOTHYIO BEIMYMHY M 3HAK YTJIA, U KOHQOpMHbIM omobpadcenuem 1l poda, eciii OHO Me-
HSET 3HAK yTJIa Ha IPOTHUBOIIOJIOKHBIH.
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2.2, Indp¢pepenuupoBanne PyHKIUI KOMIIJIEKCHOTO ITEPeMEHHOr0.

Ycnosus Komwu — Puwmana. UroOs onHo3HauHas B oOnmactu G QyHKIUS

KOMIUICKCHOTO IEPEMEHHOT0 OblTa aHaIUTHYeCKOW B (, HEOOXOAMMO U JIOCTATOYHO, YTOOBI ee JeH-
CTBHUTEJbHAS U MHUMasI 4acTH ObLIH U depeHIupyeMbpIMU GYHKIUAMU KaK (QyHKLIUHU JABYX JI€HCTBU-

TEJIbHBIX MIEPEMEHHBIX U yIOBIETBOPSUIH yciaoBusaM Komru — Pumana B oonmactu G
ou _dv @ _Ou,
ox ay oy Cox’

ou ov ou 0v

B TOJSPHBIX KOOpAMHATAX: —=—r—, I—=—), u=u(rcoso, rsin o),

op or’ or 0o

B ICKAPTOBBLIX KOOpANHATAX:

v =u(rcos @, rsin Q).
Oyukmus  [(2), muddepenuupyemas B HeKoTopoil obmactu (G, SBJISETCS aHATMUTHYECKOU B
3TO0M obOnacTu. U3 nuddepenunpyemMoctun GyHKIMH B TOUKE Z() HE CIEAYET €€ AaHAINTHYHOCTb B 3TOU

TOYKE.
[IpaBuna BeIYHCICHUS TPOU3BOIHBIX (YHKIIMNA KOMIUIEKCHOTO MEPEMEHHOT0 (hOpMAIBHO COBMA-
JIAl0T C MPaBUJIAMU BBIYMCIICHUS IPOU3BOIHBIX I (DYHKIMH JeHCTBUTENHLHOIO IEPEMEHHOTO.

2.3. UaTerpupoBanue pyHKIMH KOMILJIEKCHOIO IIEPEMEHHOIO0.
WHTerpan oT GyHKIMH KOMITIEKCHOTO MIEPEMEHHOTO0 omnpeaeseTcs GopMmyon

jf(z)dz - I(udx ~udy)+ ij(vdx +udy),
C C
rae C — KycowHo rimaakas kpusasi, f(z)= u(x, y) +iv(x, y). B mpaBoii yactu paBeHCTBA CTOST
KPUBOJMHEHHBIC HHTErPaIbI 110 KpruBoi C B KOOPIWHATHOM IIOCKOCTH X, .
dopmyna BeIYKMCICHUsS HHTErpaia ot Gyukuun f(2) = u (x, y) + i v (x, y) TpH mapameTpuye-

ckoM 3amanuu kpuBoit C: z=2()=x(H)+iy(t) ({; <t <ty x(f) u y(t) — nmuddepeHmpyembre
ly ly

dyHKIHH): If 2)dz = I{ux vy} dt+z-.‘{vx+uy} dt.
4 4

OCHOBHHe CBOMCTBA HUHTCrpajia oT (I)YHKI_[I/II/I KOMIIJICKCHOT'O IIEPEMCHHOTI'O CIICAYIOT U3 CBOMCTB
KpHBOJ’IPIHGﬁHI:IX HHTCrpaaioB.

Heomnpenenenublii nHTErpan ot (yHKIUH KOMIUIEKCHOTO IMepeMeHHOro [(z) ompenemnsercs

dopmymoii  F(2) = J‘f((;) di+C (C=const), rtae [({) — ananurnueckas QyHKuMS B
20
OfHOCBsI3HOU oOmactu G, 2y W 2 — HayajbHas M KOHEYHAs TOYKH IPOU3BOJILHOIO KyCOYHO

IJIaJIKOTO MY TH WHTETPUPOBAHUS, IIETTMKOM Jiexkaiero B (.
®dopmya nepexoaa K npeaeity 1oja 3HaKOM MHTerpaa:

lim fn(z)a’z— lim /(2 dz_jf
C

rae [,(2) (n € N) — nocnenoBaTeinbHOCTb (1)yHKI_II/II/I, paBHOMEpHO cxofsmasics K GyHkuun f(2)

Ha kpuBoi C.
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Teopema Komu. jf(z) dz =0, 20e [(z) — ananumuueckas ynkyusi 6 00HO-

cesaznou oonacmu G, C — npoussonvbHbill 3aMKHYMbLIL KOHMYP 8 obaacmu G

Y]
f(2) = =

C — 3aMKHYTBIH KyCOYHO TJIaJKHH KOHTYD, OTPaHHYHMBAIONIHIA 001acTh (' W JeKaInii B OJJHOCBA3-

NWurterpanbuas ¢dopmyna Komu. dC, rme

Hoit obmactu G, f({) — ananmutudeckas ¢pyHkiwms B obnactu G, 2 € G'.

1 @6)
C_

kas nuHus, O(L) — HempepbiBHas (yHKuUsA Baoiab C; Touka 2 He NMpUHAIISKUT auauu C, D(z)

Muarterpan tTunma Komu. dD(2)= —==d¢, tne C — KycouHo ruaj-

OIIpeIeTIsIeT AaHATUTHYECKYIO (DYHKIIUIO BO BCSKOM OJTHOCBsI3HOM obnactu (G, He copepikaieii C.

|
dopmyia [uIs MPOU3BOIHOM UHTerpasia Tuna Kor: <1)(”)(2 = 2’1'.-“ P C)n+1 dC, neN.
T )

Teopema JluyBunns. Ecw [(2) — anamumuueckas oepanuieHnas QyHKyus
60 6cell niockocmu, mo [(z)= const.
Teopema Mopepa. Ecmu f(2) — nenpepvisnas ¢pynkyus 6 00H0C6:1310U 0OaGC-

mu G u j f(z)dz =0 ona npouseonvrozo Kycouno enadkozo koumypa C, nesxcawezo ¢ G, mo

C

[(2) — ananumuueckasn gpynxyus.
(DOpMy.]'IH CoxouKoro:

1
0i(z) = 5= [ 2t Sotz). 0 =5 [ de - otz e
2m -2 2nid € -2 2
C C
¢(z) — aHanmTHYecKas QYHKUIUS HA MPOU3BOJIBLHON 3aMkHyTOH muamn C, z2peC, ¢;(zp) — mpe-

JeNbHOe 3Ha4YeHne nHTerpana Tuna Komm, ecim z— 2z BHyTpH KoHTypa C, @,(2)) — mpenenbHOE

3HAa4YeHHe, eclih Z—>Z( BHE KoHTypa C.

2.4. Panpl.

[TepBas Teopema BediepmTtpacca. Ecnu  ¢ynrxyuu [a(2)

(n=1,2,...) — anamumuueckue ¢ oonacmu G u ps0 Z [,(z) cxooumcesi pasnomepho 6 10601

n=1

3aMKHYmou obracmu G G , mo @ynkyus f(z) = Z [,(2) — ananumuueckas 6 oonacmu G u

n=1
o0

umeem mecmo opmyna nouieHHo20 oug@eperyuposarus = E

(z), 20e pso 6
k
dz( ) ~ g

k)

npaesoti vacmu cxooumcs pasnomepno ¢ G' .
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o0
Bropas tTeopema Be#iepmrpacca. Eciuuiens paoa an(z) He-
n=l1
npepwlenbl 6 3amknymoti ozpanudennou oonacmu G u ananumuunel 6 oonacmu G, mo us pasno-

MmepHotl cxooumocmu psoa na cpanuye oonacmu G credyem e2o pasnomepnas cxooumocmo 6 (G .

Z
Pang Teitnopa: [(2)= Zf—'o(z —2y)", rtme [(z) — amanuTuueckas

GyHKLUS B 1I000M OTKPBITOM KPyre C LEHTPOM B TOUKE Z().
®opmyna psna Telnopa ¢ OCTATOYHBIM YJICHOM:

ns(k) n+1
_ ka_('ZO)(z 2+ R (2), R,(2)= (- ZO J /() S
~ " k! ¢ (E-2)(C-%)

Pang Jlopamna: f(z):ZC z—2z))" ZC”Z 20)" +

N=—0o0 n=0 n=1

MS

c_,(z=2y)7",

rae [(z) — aHanuTHdeckas GyHKIHMA B Komble r < |z - 20| <R, ¢, = 1 I [(©) P dg
2mi v (E—20)

(n=0,%£1,%2,...), Y —IIpou3BOIbHAS OKPYKHOCTb |2 — 20| =P, r<p<R.
[IpaBuna gefCTBUI CO CTETIEHHBIMHU PSIIaMH Ha IUNIOCKOCTH KOMILJIEKCHOTO TTEPEMEHHOTO COBIIA-
JIAI0T ¢ COOTBETCTBYIOLIMMH MIPABUIAMU ACUCTBUI IS PSIIOB C JCHCTBUTEILHBIMU YICHAMHU.

2.5. BulueTsl.

Beruer ¢yHkumu f(2) OTHOCHTENBHO M30JMPOBAHHOH 0CO0OM TOUKM 2 = Z() ONpeaelsieTcs

1
dopmymoit  res f(z,) = o I [(2)dz =c_, rae [(z) — ananurudeckas Gynxums B obnactu G,
T

C — npou3BONBHBIN 3aMKHYTBIH KOHTYp, JIeamui B obmactu (, comepkamuii 0co0yr0 TOYKY
GYHKIMM 1 HE COAEpIKalllUil APyrux 0CcOObIX TOUEK, C_| — K03 HULUUEHT npu (2 — zo)_1 B pa3-

noxennu Gyukuuu f(2) B psa JlopaHa B OKPECTHOCTH 0COO0M TOUYKH 2.

n

Teopema Komu. .[f dZ—QTchresf(Zk), 20e [(z) — ¢pynxyus ananu-
k=1

muueckas 6 oonacmu G 6e30e, Kpome KOHeuHO20 uucia ocoowvix movexk 25, (kR =1,2, ..., n); samx-
nymutii koumyp C < G u cooepycum enympu cebs mouku Zp,.

Brruer B Touke Z() — mosoce nopsaKa 1.
(n=1)

I d n
resf(zy) = WZILHQOW{(Z—ZO) f(zo)}.

Brraer pyHKINU OTHOCUTEIHHO 6eCK0HeqH0 YIAJIECHHOW TOYKHU:

[(20) = o I 2)dz = —c_y,

rne C— — xoutyp C, NPOXOAMMBIIl B OTPHUIIATEIILHOM HAIPAaBJICHUH (T.C. TaK, YTOOBI OECKOHEYHO
yJAalieHHasl TOYKa OCTaBajach BCE BpEMs CIIEBA).
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z:iACargf(z) =N-P. Pas-

. If
[Ilpuanun aprymMmeHnra: —
2mi

HOCTh MEXIy KonuuecTBoM Hyseit (N) u momocoB (P) byukimu [(2), aHaIUTHYECKOU BHYTPH
3aMKHYTOH KpuBOii C BCIOLY, KpOME KOHEYHOrO 4YHCJIa IIOJIOCOB, paBeH 4YHCIYy O0OpOTOB

1
%AC argf (2) BOKPYT Hayalsla KOOPJMHAT paJnyC-BEKTOPa, H300pakaromero GyHkuuo © = f(2)

Ha IUIOCKOCTH @, TIPH MPOXOKACHUH TOYKOW 2 KOHTypa (C B IOJIOKUTEIBHOM HANpaBiICHUH (Kax-
JbIA HYJIb U TIOJIIOC CYUTAIOTCS C YUETOM UX KpaTHOCTH). VHTerpas, cTOSAILIMH B J€BOM 4acTU paBeH-

CTBa, HA3BIBACTCA J102APUDPMULECKUM 6bIYENOM (1)yHKHI/II/I f(z) orHocurensHo KoHTYpa C.
' '

f |t fQ dz = f

2mi fl + fQ 27Tl fl

Teopema Pyme. dz, 20e [, [, — ananumuueckue

Pynxyuu 6 oonacmu G u na epanuye T 06ﬂacmu G; [1(z ;tO u | fr(2)|<|[1(2)| naepanuye T.

2.6. Kondopmubie oToOpakeHusl.

Orobpaxkenne © = f(2) sBsercs koupopmuvim (kongopmmuvim I pooa) B obmactn G KOHEU-
HO# KOMIUIEKCHO# TUIOCKOCTH TOT/Ia U TOJIBKO TOT/a, koraa pyukuust [(2) (2 € G) sBisercs aHamu-

trdeckord u ['(2) # 0 B obmactu G.

Bcesikoe kongpopmmoe omobpasicenue 11 pooa ocymecTBisieTcs MoCpeaAcTBOM (YHKINHU, COMPS-
JKEHHOH ¢ aHanmuTHYecko (yHkmueil. Beskoe oToOpaxeHue, OCymecTBIsIeMOe TTOCPEICTBOM (yHK-
UM, CONPSDKEHHOM ¢ aHAMTHYECKOM (DyHKIMEH, sBisieTcs: KoHGOpMHBIM oToOpaxkeHueM 11 poxa.

dopmyna BeIYMCIICHHS JIHHBL [ 00pa3a Kyco4yHO riajakoit kpuBoir C mpu KOHPOPMHOM OTO-

(@)

Opaxenun w = f(z): [ =

C
CDopMyna BI)I‘II/ICJ'IGHI/ISI wiom@anu obpaza S obmactu G 1npu KOHGOPMHOM OTOOpaKCHUHU

w=f(z dxdy
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VI. TpaHcueHIeHTHbIe PYyHKIUU

1. Tpuronomerpudeckue GyHKIUA

1.1. HexoTopble 3HAYEHHS] TPUTOHOMETPUYECKUX (PYHKIIHIA.

AprymeHT Py
sin o cos a tg a ctg a
0° (0) 0 1 0 HE OIpeJeNIeH
150 (l} \/g_l \/§+1 _
5 A ) 2-3 2+43
18° (1) V5 -1 5+ 5 _5-1 10 + 245
10 4 2.2 10 + 245 V5 1
30° Ej 1 V3 1
(6 2 2 V3 V3
36° (Ej 5-5 V5 +1 10 - 25 V5 +1
5 22 4 J5 +1 10 -2V5
45° (Ej Q Q 1 1
4 2 2
540 (g) J5 +1 5-5 V5 +1 10 - 25
I 4 22 10-2J5 J5 +1
60° E) V3 1 L
(3 2 2 V3 V3
720 (Q_n) 545 J5 -1 10 +2J5 V5 -1
5 22 4 J5 -1 10 + 245
750 (@J V3 +1 3-1 B
1 573 R 2+43 2-43
90° (gj 1 0 HE omnpeesicH 0




1.2. CBsI3b M€Ky TPMTOHOMETPHYECKUMHU QYHKIHMSAMH OHOTO APTryMeHTa.

(B mpuBeeHHBIX (pOpMyJIaxX Mepes 3HAKOM pajuKalia JOKEeH ObITh BEIOpaH «IUTIOC» WIIH «MHUHYC», B 3aBUCUMOCTH OT TOTO,
B KaKOM YeTBEPTH HAXOAUTCS YroJl O, @ MIMEHHO, TAKUM 00pa3oM, 4To0bl 3HaK TPUTOHOMETPUYECKON (PYHKIINH,

CTOSILEHN B JIEBOM YacTH, COBIAJall CO 3HAKOM BEJIMYMHBI, CTOSIIIEH B ITPaBOW YacTU PaBEHCTBA)

sin a cos o ctg a sec a cosec o
sint o _ = cos? o = : +VsecZ o — 1 _ 1
= T — o =
+y1+ cth o sec o coseca
cos o | =l —sinta _ = clga _ +ycosec? o -1
T i\ﬂ + Cth (0 seca cosec o,
e _ sina 1 = cos? a 1 +\/271 1
i = = = tysec” o —
+y1 —sin’ cosa ctga +ycosec? o — 1
+l-sina | — cosa I 5
ctga | =—— | T \/72 = \/27 +vcosec” o — 1
sinao +V1 —cos” a +Vsec” o —1
_ 1 1 D) +4/1 +c‘[g2 o coseca
seco | ~ 5 = JI+tg“a = = 5
V1 -sin” a cosa ctga +vcosec” a —1
1 1 +1to? seca
cosec a = - 5 -V TiE ¢ =+l + Cth o 5 =
sina +V1 —cos” a sec” o —

UNITIHA® AUMDThUdLAINOHOINIL T'TA

L6
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1.3. ®opmyJibl IpUBEICHUS.

ApryMeHT
Oynxuus Bzgia B=nto B=37nioc B=2n—o
sin B = cos a + sin a — cos a — sin o
cos B = F sin a — cos a +sin a cos a
tg B = F ctg a +ig o F ctg a —tg a
ctg B = Figa +ctg o Figa —ctg a

Tpuronomerpuueckue GyHKIIMA CYMMBI U Pa3HOCTH JIBYX YTJIOB:
sin (o + B) = sin a cos B £ cos a sin B; cos (o + B) = cos a cos B F sin a sin B;
toa £ tgp ctoa ctgBF1
tg(atf)=——""—; .
lFtga tgp ctgBtctga
Tpuronomerpuyeckue GyHKIIUU IBOWHBIX, TPOMHBIX U TOJIOBUHHBIX apTYMEHTOB:
cos 2 =cos2 a—sin2a=1—-2sin2a=2cos2a— [;

ctg(a£p) =

sin 200 = 2 sin a cos o

tg2a :—tha ;

b

1-tg? o

sin 3o = 3 sin o — 4 sin3 o

ctgga—ll

ctg2a =
&= 2ctga

cos 3a. =4 cos3 a — 3 cos o

thQZBtga th a; Cth()L:Ctg oc23ctgoc‘
1-3tg“ a dctg”a—1
sing:i l—cosoc; cosg:i 1+cosoc;
2 2 \J 2
a | -cosa sina | -cosa
2 l+cosa 1+cosa sina
o | +cosa sina |+ cosa
ctg— =+ = = _ )
2 l-—cosa 1-cosa sina

B ¢dopmynax monoBHHHOTO yria 3HaKW IMepel] paaukagamMu OepyTcs B 3aBUCHMOCTH OT 3HaKa

TPUTOHOMETPUYECKON (PYyHKIIUU, CTOSIICH B JICBOM YAaCTH PABEHCTBA.

[IpeobpazoBanne cyMMbl (pa3HOCTH) TPUTOHOMETPHUYECKUX (DYHKIIMNA B IPOU3BEICHUE:

sina+sinB:QSina+Bcosa_B; sina—sinB=2cosa+Bsina_B;
2 2 2 2
cosa+cosB=QCosa+Bcosa_B;

2 2
cosa—cosﬁz—QsinaJrBsinagB=251na;BsinB;a;
cosoc+sinoc=\/§cos(45°—oc); cosa—sina:\/gsin(45°—oc);

in(o £ in(p=x
tgaith:—S (o B); ctgaictgﬁz—s_ (B.a);
cosacosf sinasinf
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cos (o —P) cos (o + B)
tga+ctgp=——m——; tga —ctgfp=———=;
S ep cosasinf & ep cosasinf
tgo +ctga = 2cosec2a; toa —ctga = -2ctg2aq;

1+cosa:20052g; l—COSO(,ZQSiHQE;

2 2
1+sina=2c052(45°—%j; l—sina:251n2[45°—%j;
1itga=ﬁsm(45 ioc);

cosa
cosacosf sinasinf
2 cos2a. 9 cos2a.
|-tg“a = 5 l-ctg“a =- —
cos” a sin“ o
sin(o + B)sin(a -

cos? a,cos’ B

sin(a +p)sin(B-a)

ctgga—ctgzﬁz 3 ;

asin’ B
2

sin

2 2 2

o= tg2 o sin® a; cth o —Ccos” o = Cth o cos” a.
[TpeoOpa3oBanue NPOU3BEACHUS TPUTOHOMETPUYECKUX (PYHKIUN B CyMMY:

th o —sin

sinasing = é[cos(a—ﬁ)—cos(a+ﬁ)];

c0s 0.cOS P = %[Cos(a—ﬁ)+cos(a+[3):|;

sinacosp = é[sin(a—ﬁ)+sin(a+[3):|;
sinasinBsiny =i[sin(a+ﬁ—y)+sin(ﬁ+y—a)+sin(y+a—B)—sin(a+B+y):|;
sinasinpcosy =i[—cos(a+ﬁ—y)+cos(B+y—oc)+cos(y+oc—[3)—cos(a+[3+y)];
Sin o cosPeosy :i[sin(a+[3—y)—sin(B+y—oc)+sin(y+a—B)+sin(a+B+y)];
cosacospeosy = %[cos(a+B—y)+cos(B+y—a)+cos(y+oc—B)+cos((x+B+y)].

CooTHoleHus: MeX 1y 0OOpaTHBIMU TPUTOHOMETPUUECKUMHU (PYHKIIHSIMHU:

arcsinx = —arcsin(—x) = g— arccosx = arctg(x/\ll —x? );
arccosx = m—arccos(—x) = g— arcsinx = arcctg(x/\/l —x%);
arctgx = —arctg(—x) = g —arcctgx = arcsin(x/x/l +x2);

arcctgx = m—arcetg(—x) = g— arctgx = arccos(x/\ll +x%).
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2. 'unepOoanyeckue GPyHKIUN

Onpenenenus:
X _ X X -X
shg=8—¢_. chxg=27+¢_.
2 2
thx:Sh—x; cthx:Ch—x;
chx sh x
sechx = L; cosech = L
chx sh x
OCHOBHBIE COOTHOIIIEHUS:
cth—sth:I; thx-cthx =1;
th x | | cthx
Ji—th?x  Veth? x—1 JI—th?x  Veth? x—1
shx ch? x -1 \/1+sh2x chx
thx = = ; cthx = =

\/1+sh2x_ chx

DopmyJibl IPUBEACHUSA:

sh(xty)=shxchy+chxshy;

sh x Cth—l.

ch(xty)=chxchy+shxshy;

+ +
th(xty) = thx_thy; Cth(xiy):cthxcthy_l;
l+thxthy cthy +cthx
sh2x =2shxchx; ch2x:ch2x+sh2x;
2
1 +1th® x 2cth x

chx -1 :25h2£;
2

X sh x

2 chx+1 shx

_chx-1,

’

th

chx+1 :2ch2§;

cth X = ShX
2 chx-1 shx

_chx+1,

’

shxishy=25hx§ychx;y;

chx+chy=2chx+ychx_y; chx—chy:Qth+yshx_y;
2 2 2 2
h(x =+ h(x+
thxithyzu; Cthxicthy:M;
chxchy shxshy

2chxchy =ch(x+y)+ch(x-y);

2shxshy =ch(x+y)-ch(x-y);

2shxchy =sh(x+y)+sh(x-y).

CooTHoIeHus: MeXIy 00paTHBIMU THIIEPOOTMUECKUMH (PYHKLIUAMU:

arshx tarshy = arsh(x«/y2 +1+yVx® +1) = arch(x/xQ +1\/y2 +1 ixy);

archx tarchy = arch(xyir\/x2 —1\/y2 —1) = arsh(y\/x2 -1 ix\/yQ —1);

_+_
arthx £ arthy = arth i

1+ xy
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CooTHOIIECHUS MCXKAY TPUTOHOMETPUICCKUMU U FI/IHep6OJ'II/ILICCKI/IMI/I (I)YHKI_II/IHMI/II

cosx =chix; chx = cosix;
sinx = —ishix; shx = —isinix;
tgx = —ithix; thx = —itgix;
ctgx =icthix; cthx =ictgix.
COOTHOH_IGHI/IH MCKAY O6paTHBIMI/I TPUTOHOMCTPUYICCKUMU U O6paTHBIMI/I FI/IHep6OHI/I‘{eCKI/IMI/I
(GyHKIMAMU:
arccosx =iarchux; archx =iarccosx;
arcsinx = —iarshix; arsh x = —iarcsinix;
arctgx = —iarthix; arthx = —iarctgix;

arcctg x = iarcthix; arcthx =iarcctgix.
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3. F'amma-QpyHkuA

n!'n®

®opmyna Diunepa: I(2)=Iim (z#0,-1,-2,..).

rz—)ooz(2‘+1) (Z-l—ﬂ)

WnterpanbHoe npenctasinenue (unmezpan Junepa 1l pooa):
o0

[(z) = Itz_le_tdt (Rez>0).

0
Paznoxenue B psn:
o0

In[(l+2)=-In(l+2)+2z(1-y +Z -1)" [C(n —1]— (2| < 2).

beckoHeduHOEe mpoUM3BEeJEeHHnEe Dinepa:

el L) e
e g[(”nje }

n
. 1
roe Y = lim [ E . In n} ~ 0,5772156649 — mocrosuHas Diinepa — MacKkepoHH.

n—>0 el

Popmyna ymMmHOXeHuUus laycca:

n—-I1
T(nz) = (2m)=M/2 g2 1/2Hr(z+ﬁj .
Pexyppentnas popmyna: ['(n+2) =(n—-1+2)(n—-2+2)...(1+2)zl(2).

dopMyITbl CHMMETPUH: rz)r(-z)=-————;
< SInmne
e}

tZ—l

r(z)r(l—z):th
0

dt (0<Rez<l).

opmMyna CtTupiaiumHTa:

o | ] 139
[(2)=e?2° 1/2\/5{1+ + - —} argz| < m).
) 122 98822 518402° (jarg2| < =)

@Popmyna Bannuca:
T(n+1/2) ( 1 1 j
——r—=| 1l -—+ —... — ©).
T(n+1)  Jn 8n 192842 (1= e0)

Yacrueie 3qauenus: [(n+ 1) = nl, F(lj =r.

2
Fema-¢pynryus: B(z,w)sw, B(z,w) = B(w, 2);
'z +w)
! i z-1
B(z,w) = jtz_l (1 — t)w_l dt = jt—mdt (uurerpan Ditnepa I pona).
i o (1+1)

Jlorapugmuueckasi Ipou3BOAHAA TaMMa-QYHKIUU (1ncU-QYHKYUS):

d r'(z)
w(z) = 7 —InT(2) = T2
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Wurerpanbubie npeactaBnenus (npu Re z > 0):

(-t —zt 2 Ly el
\|1(2)=I£87— ¢ _t]dtzj(e_t— 1 zJﬂ:‘“Il Y
0 l-e i (1+1)* )¢t i -t

0

1
Pasznoxenue B pax: Y(2) = -y ——+ ZL;
z “~n(z+n)

0

vl +2) = -y + Z -D"gm 2" (¢ <1).

n=2
n—1 b
dopmyna yMHOKeHHsA:  \Y(nz) = —Z 1 (2 + —J +Inn.
n = n

1 1 1

Pexyppenrtnas popmyna:  y(n +z) = + +..+—+y(2).
n-l+z n-2+z z
®opmyna cummerpun:  Y(2) —y(l —2) = —nctgnz.
n—l1
YacTaele 3HaueHus: (1) = —y + Zl (n>2), w(lJ =—y—In2.
— k 2

Henonnas camma-gpynkyus:
pa [o'e]

v(a,2) = Ig_t t*'dt  (Rea >0, a=const), T(a,z2) =0(a)-y(az) = J‘e—t -t g
0 Z

Pexyppentnas popmyna:  y(a +1,2) = ay(a,z) — 2% <.

n
®opmyna qudPepeHIUpOBAHYSE: j - [Z_CZ I'(a, 2)] =(-D)'z2"TI'(a+n,z2).
2

1 1
CBs3b C MHTErpaJloM BEpOATHOCTEH: Y (5 , 22) =Jnerfz, T (5 , 22) = Jrerfcz.
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4. ®ynxkuun becceast
AubdbepenuumanpbHnoe ypaBHeHuUue beccens:

—VQ)ZW:O;

pewenus: gyuxyuu beccens nepeoeco pooa J,(z), emopozo pooa Y, (2) u mpemwvezo pooa

l 2
HS,) (2), Hi/ )(2) (unu pynxyuu I'ankens).
Cootnotenus Mexay Gyaximsamu Becces:
J,(2) cosvi—J_,, (2
sinvn

Ecnu v — nenoe, T0 mox HpaBoﬁ YaCThIO MOHUMAETCS €€ MpeeIbHOC 3HAUCHHE.
HY(2) = 1, (2) +iY,(2) HY (2) = 1, (2) = iY,(2)
I_y(z) = (=1)" fn(Z) Y. (2) = (=1)"Y,(2).

o0 ( /2)2k+v i 1 /2)2/3 n

Pasnoxenue B pan:  J,(2) = Z R\T(k+v+1)
v

2 Ri(n+k)!

n _« 2 k
—i(ij D [wlk+ ) +y(n+k+ 1)]ﬂ
k=0

WuTerpanbHble peacTaBIeHUS:

cos(zcos0) sin?¥ 040 =

B z/2 f
N =1 T(v+1/2) .0[
1

_2(2/2) _ 2 _1/9).-
_\/EF(VJrl/QJO‘ t Cosztdt (Rev > -1/2);

0

T
Y, (2) = l_"sirl(Z‘sirle —vB)do —lj{ Vig eVt cos(vn)} e 2SN gy (|argz| < Ej;
T i T ’ 2

T[ o0
0 0

T
J,(2) = lJ.cos (2sin 6 —106)d6.
T 0
Juddepennuposanne (3nech | — mobas n3 dynxmuit J, Y, HD, H):

(li)m [zv /Cv(z)] _ Zvm fv—m(z);

zdz

(L] [ ha] = 07 )

zdz
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[Tpoussenenue bynkiuit beccens:
2 (DR (2/2) M (v 2k + 1)

MR = kzz(‘?klr(u+k+l)r(v+k+1)F(V+H+k+1).

PeKyppeHTHOe cooTHomeHne (31ech | — mobas w3 pynkuuit J, ¥V, HD, H®?):

Fort(2) 4 Foui(2) = %sz).

CBs3b Mex 1ty pyHkuusmu beccenst nmomynenoro nopsiaka:

Iy (2) = (~1y™! Y2 (2); Y o e(2) = (—l)n]n+1/2 (2).

CBsI3b ¢ 2JIEMEHTAPHBIMH (DYHKIHSIMH:

212 (1 dY'[sinz
Tpsyp(2) = (=1) \/%2 +1(EEJ [ 2 }2

Ve (2) = (=1 2 (lij [COS 21;

nZ zdz z
2sinvn
Jy(2) I @)+, ()], (2) = :
2
2

Jv (2) Yv—l (Z) - Yv (Z) Jv—l (2) = E

105
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5. MomuduunpoBanubie pynkunu beccenss | u K

AudpdbepeHnuanpbHOE YypPaBHEHHUEC:
d*w _dw
2 +2——(22+V2)w:0;
dz dz

pemteHus: moouguyuposannsie ynxyuu beccensa [1\(z) n K\(z) (Pynxyusa Maxoonanvoa).

Cas3b ¢ QyHkuusimu beccenst 1 cooTHomIEHNs Mexay MoaubuIupoBaHHbIME QyHKIHUAMU bec-
cest:

LTEV lTC
e 2J(ze ) (—n<argz<gj;

—imV —§in T
e J,(ze %) §<argz<n;

Tc .
Kv (2) - 2sinmv [[—V (2) - ]V (2)]’

ecian V — 1eioe, TO B HpaBOﬁ YaCTH PaBCHCTBA CTOUT €€ NPCACIIbHOC 3HAUCHUC.

I,(2) =1,(2); K_,(2) = K, (2); I, (=2) = (=1)"1,(2).

_ i (2/2)2k+v

Ok'F(k+v+1
(2" (k=) 2 el (2
K,(z) = §(§j kOT(—Ij +(=1) IH(EJ [,(2)+
()

)2\
5 (Ej kzz(;[\y(k+l)+\|/(n+k,+1)]—k!(n+k)!.

Paznoxenue B psn:

—~~

_|_

I/IHTerpaJIBHLIe MMPEACTAaBJICHUSA:
s o]

[v (2) — ljezcose cosvO 40 — SN vt IB_ZCh(t_Vt) " (|argz| 5 gj’

T T
T

<z

2)

0

Jr(2/2)" v 1/2
dt
Kv(@) (/2 +v) !e (

I
1,(z) = ljezcose cos 10 do.
T
0

PexyppeHTHBIE COOTHOLLIEHUS:

Iy (2) = Iy (2) = 2v1 (2); Ky-1(2) = Ky 41 (2) =—2?VKV(2)~

Huddepentmpopanue (f — mobast u3 dyukuumit 1, el™v K V)

(lijm [2\’ fv(z)] =2 [ (2); (lij [ Yl )] =2 form(2).

zdz zdz
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CBsi3p MOTUGUITUPOBAHHBIX (YHKIIUH beccens ¢ aneMeHTapHbIMU QYHKITUSIMU:

2
lyy(2) = \/%sh z;

[v(z) [—V+1(2) - [—v (2) [V_I(Z) = _2812—2('\}75);

Kea(2) 1y (2) + Ky () (2) = <.
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6. Boipo:xieHHbIe TUNIEPreoMeTpudeckne GyHKINU
d*w dw
VpaBueunue Kymmepa: 2—=+(c+2)——-—aw=0;

d22 dz

o6mee pemenne: @ = Ad(a, ¢; z) + BY(a, ¢; 2) (A u B — npousBoIbHBIE IIOCTOSIHHEIE).

Oyunkunus Kymmepa D(a,c z) (urorma odbosnavator M(a, c; 2)):
n-1

a4z aa+1)22 ooZﬂH(a+i)
@(Q,C;Z):1+—ﬁ+—1§+...:1+ ;:_? .
¢l c(c+1) 2! =T et i)

i=0
Oyukuus W(a, ¢; z) (unoraa obosnavator U(a, c; 2)):
T ®(a,62) Sl d(l+a-c2-c;2)
sinme |T(1+a—-c¢)T(c) I'a)I'(2-7¢) '

Y(a,c;z) =

HHterpaibHble IPEACTABICHUS:
1

D(a,c;z) = LjeZtl‘a_l (I- z‘)C_a_1 dt;
['(c—a)T(a) .
Y(a,c;2) I ) byea-lyy
1
Huddepennupopanue:

d"® T(a+n)T(c)
dz" T(c+n)T(a)
d"™y _ 1y [(a+ n)
dz" ['(a)

PexyppenTtabie hopMyITb:

®(a +n,c+ n;2),

Y(a + n,c+ n;2).

dopmyna Kymmepa: @D(a,cz2)=eD(c—a,c;—-2);
c(c—1)®(a,c—L2)—c(c—1+2)D(a,c;2) +(c —a)z®(a,c + 1;2) = 0;
c®(a,c;z)—cd(a—-1,c;2) —zD(a,c +1;2) =0
(a—1+2)®(a,c;2)+(c—a)P(a—1,c2)—(c—1)D(a,c - 1;2) = 0;
(PPc+2)D(a,c;2)—(c—a)z®(a+1,¢2)+(c+1)D(a,c - 1;2) =0
(a—c+1)D(a,c;2)—a®(a+1,¢2)+(c—1)D(a,c-1;2) = 0;
(c—a)®(a-1c2)+(2a—c+2)P(a,c;2) —aP(a+1,c2) =0;
(c—a-1)¥(a,c-L2)—(c-1+2)¥(a,c;2) +2¥(a,c+1;2) = 0;
Y(a,c;2) —a¥(a+l,c;2)—Y(a,c-1,2)=0;
(c—a)¥(a,c;2)—2¥(a,c+L2)+¥Y(a—1c2) =0;
(a-1+2)¥(a,c2)-Y(a-1lgz)+(a—c+1)¥(a,c—L2) =0
(a+2)¥(a,c;2)+a(c—a-1)¥(a+1c2z)—2¥(a,c+12) =0;
Y(a-1c62)-(2a-c+2)¥(a,cz)+ala-c+1)¥(a+1c2)=0.
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HCKOTOpI)IC YaCTHBIC ClIydau:
pa
®(a,a;z) = e, D(1,2;22) = ¢ shz
z
—iz
D(1,2;-2iz) = € sin z; O l,é;—ZQ =ﬂerfz;
2 2 2 2z

-V
O (a,a+1;-2)=az "y(a,2) D (v + %,2\/ + 1;22) =T(l+v)e* (gj 1, (2);

1 82 -V
Y(l-a,l-az)=eT(a,z), YIiv+—,2v+ 122 | = —(2 :
(1-a,1-a;2) = eI'(a,2) (v 52V z) \/E( 2) " K, (2)

1 1 o 2
Y| —,—; =Jne? erfcz.
(2 2 j
Ypa e e VY eKepa + 1 + % +
BHEHHU HTTECK D —= |t =+
dz? 4 2 2
pewenns: pynkuun Yurrekepa My (2) u Wy ,(2).

CBs3b Mexly pyHKIUAME YUTTEKepa:

W (2) =0 oy () 4 — M, (2).
F(—p—%j F(2+H_%)

2

CBs3b C BBIPOXXJICHHBIMH THIIEPTEOMETPHUICCKUMU (I)yHKL[H;IMI/I:
P2

"
Mx’u(z) —e 22 “Cb(u—%+%,2p+l;zj;

z 1

W,.(2)=e? 22+H‘P(u—%+%,2p+1;2)
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7. HexoTopblie HHTErpajbHble GyHKIUU

HUurterpan BeposTHocTe#: erf(z \/7.[ _t dt; erf(-z) = —erf(2).
Paznoxxenue B psn:
( 1) 22ﬂ+l 9 _22 o© 2/1 22ﬂ+1
erf(z = e :
Z n! 2n+1 n ;1-3-...-(2%1)

9 2
JInbdepenmuposanne:  erf'(z) = —=e ¢

In

MuTerpane ®@PpeHeEensd:

1 j‘cost \/ﬂi )" 22N
27:0 Jt 4n+1

n=

® n 2n+1
S(2) 1 J'smt ‘ 222 .
" 2n n 4n+3 )(2n +1)!

CBs3b C HUHTCIrpajioMm BCpOSITHOCTCI/I.

.TC .TC .TC .TC
C(z) +iS(2) = %54 eri(e 4Vz),  C(2)-iS(2) = % Teri(e 14z).
N3era-bpyukuus Pumana: ZLZ (Rez>1).
n=1 "0
-
PasnokeHue B OECKOHEYHOE  IIPOM3BEIICHUE: £(z) = H(l -p ) (Rez >1),
p

rac OECKOHEUYHOE IIPOU3BEACHUE BBIYHCIIACTCA IO BCEM IIPOCTHIM YHCIIaM p.

HHTerpanbHOE NIpEACTABICHUE:

(1 —QI‘Z)Q(Z) = LT - dt (Rez>0);

I'(2) o e+l
A
6(2) = T@!d _ldt (Rez >1).
PexyppeHTHBIE COOTHOIIICHHUS:
Cl-2z) = 2 . COS%ZF(Z)C(Z); z(z+1) Céf;)_g()fl(l__;) = —4n?.
YacTHble 3HAYCHHUS:
c=-L cm=n cem=cyien Elp
2’ ’ (2n)! 2"
C(1-2n) = _Bon (B, — uncna beprymm);
2n

2 4 6 8

£(2) = —; £(4) = —; c<6>:9“—; £(8) =
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NMarterpanpHas mMmokalzaTenbHass QYHKIHSI:
Kt

Ei(z) = -T'(0, ze"™) = — j ert.

2
Paznoxenue B psn:

o0 n o0
. . z
E1(2)-y—m+lnz+zn.m, Ei(-x)=v+ nx+z . n"

Z

. . dt
NMuTterpanbHblii n0o0TapudM: 11(2)=J‘n.

n

0

CBs3b ¢ HHTErpabHOI nokasatensHoi pynkmumeii:  1i(z) = Ei(lnz);  Ei(z) = li(e®).

MHuTerpanbHB U CHHYC M MHTETpPAaIAbHB U KOCHUHYC:

si(z) = j Si;” dt = L[Ei(iz) — Ei(-i2)];

2i

0

ci(z) = j CO:t dt = é[Ei(iz) + Ei(=iz)].

Z .
Jpyrue o6o3navenns:  Si(z2) = si(2) +g = J‘SI;” dt; Ci(x) = ci(2).
0

Paznoxenue B psn:
2rz+l

T = .
sil) = _§+Z @+ 1)(2n + 1)

n=

ci(z) = v + n2+Z( 1) @
n=1 ’

2rz
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